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Abstract

In this study, we initially establish essential characteristics of minimal elements within
para distributive lattices, which are very crucial to introduce quasi-complementation based
on these minimal elements. and demonstrate significant properties of this complementation.
We derive an equivalent condition for a para distributive lattice become a quasi-complemented
in terms of minimal prime filters. We characterize the quasi-complemented para distributive
lattice in terms of annihilators and dense elements and finally derive equivalent conditions for
it become a Boolean algebra.
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Introduction

The notion of Boolean Algebra [4] and various applications in computer science and electronics,
such as establishing and simplifying electrical circuits and switching circuits, which are applied
in the construction of computer chips, resulted from the axiomatisation of Boole’s two valued
propositional calculus. Other generalisations that can be deduced are those related to lattice
theory, such as distributive lattices and Heyting algebras, and ring theory, such as regular rings,
p-rings, and biregular rings, among others. An abstraction that integrates these two streams,
called almost distributive lattice (ADL), was initially introduced by U.M. Swamy and G.C. Rao
[7]. For instance, if (R,+,.,0,1) be a commutative regular ring and we define, for any a,b €
R, aVb=a+ b+ agb and a A b = agb, where aq is the unique idempotent such that aR = agR,
then the system (R, V, A,0) satisfies all the axioms of a distributive lattice, with the exception of
the commutativity of V, the commutativity of A, and the right distributivity of join V over meet
A. These imply all of the others, forming a distributive lattice with zero in the structure. Baer-
Stone semi groups can also display a similar structure [8]. The exponential development of ADL
theory was done by G.C. Rao and U.M. Swamy [[9] [10]], S. Ravi Kumar [[15], [16], [17], [18], [19],
[20]], G.N. Rao [[11], [12], [13], [14]], M. Sambasiva Rao [[25], [26], [27], [28], [29]] and S. Ramesh
[[21], [22], [23], [24]] as well as others. Over the past fourty years, they have explored the notion
filters, of ideals, and several complementations on the structure. Recently Ramesh Bandarul[1],
[2]] introduced an algebraic structure (2,2, 1) which similar and almost dual structure of ADL but
not exact in 2024 and they proved that all the axioms of the algebra are independent each other
and it is called Para Distributive Latticoid (abbreviated as PDL). This PDL satisfies almost all
the properties of distributive lattice except left distributivity of V over A out of four distributive
properties and both the commutativites of V and A. The authors studied the class of filters, ideals,
prime ideals and derived equivalent conditions for a PDL to become a distributive lattice.
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As we know that, distributive lattices and Boolean algebras have many applications in various
sciences because of it’s smoothness and flexibility of the structure. The properties commutativity
of both the meet and join, distributivity and complementation leads to the facility. But PDL
structure is very complex and we can not implement and apply properties of PDL freely in diverse
fields, because of lack of these three properties in it and the great advantage of this structure is
simplify the complex problems in the divers applications of lattice theory with other generaliza-
tions of the complementation of Boolean algebra. In this regard we motivated to identify two
spacial classes of elements which may not be commutative with respective V and A and these
are bottom layers of the structure that are set of minimal elements and dense elements which
can not separate directly. To define the complementation, need the least and greatest element
but this algebraic structure may not contain least element (zero), so we introduce a complemen-
tation between the bottom layer and the greatest element instead of least element that is called
quasi-complementation on PDL and hence it characterize in terms of the other bottom layer(dense
elements). We observe that the existence of this complementation is need not be unique, and in
this regard we establish an equivalence condition for this existence to become unique. Finally
we derive necessary and sufficient conditions for a PDL to become a Boolean algebra in terms of
minimal prime filters, and annihilators by using the quasi-complementation.

1 Preliminaries

Definition 1.1. [1] An algebra (V,V,A,1) of type (2,2,1) is called a Para Distributive Latti-
coid(Abbreviated as PDL), if it assures the subsequent axioms:

(i) av(bAhe)=(aVb)A(aVe)
(ii) (anb)Ve=(aVe)A(bVe)
(iii) (aVbO)Ab=1D
(iv) (avb)ha=a
(v) aV(aAbd)=a
(vi) av1=1,

for all a,b,c € V.

For any a,b € V, we say that a is less than or equal to b and write a < b, if a Ab = a or
equivalently ¢ V b = b and it can be easily observed that “ < ” is a partial order on V. The
element “1”, in the Definition 1.1., is called the greatest element.

Example 1.2. [1] Let V be a non-empty set. Fix some element by € V. Then, for any a,b € V,
define V and A on V by

avb=4{% lfb7£b0 and aAb= b, 1'fb7éb0
bo, lfb:bo a, lfb:b().

Then (V,V, A, bg) is a disconnected PDL with by as its greatest element.

Throughout this paper, we refer to V' as a Para Distributive Latticoid with the greatest element
1.

Lemma 1.3. [1] For any a,b € V, the following holds:

(i) aha=a
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(i) aVa=a

(iii) (aND)Vb=Db
(iv) aV (bAa)=a
(v) aN(aVb)=a.

Lemma 1.4. [1] Let (V,V,A,1) be a PDL. Then for any a,b,c,d € V, we have the following:

(i) anl=a
(ii) 1Na=a
(iii) 1Va =1

(iv) (aVb)ANec=(aNc)V (bAc)
(v) aVv(bAc)=aV (cAb)
(vi) the operation V is associative in 'V
(vii) dVaAN(bAc) =dVI[(aNb)Ad
(viii) aV (bVc)=aV (cVDb)
(ixr) avb=1&bVa=1
(x) avb=1=bAa=aAb.
Lemma 1.5. [1] For any a,b € V, the following holds:
(i) (avVb)Vb=aVd
(i) (avVb)Va=aVb
(iii) aV (aVb)=aVbd
(iv) aA(aAbD)=aAb
(v) (aAb)Ab=aAb
(vi) bA (a Ab) =aAb.
Theorem 1.6. [1] Let (V,V,A,1) be a PDL. Then the following are equivalent:
(i) (V,V,A,1) is a distributive lattice
(i) The poset (V, <) is directed below
(iii) (a ANb)Va=a, foralla,beV
(iv) The operation A is commutative
(v) The operation V is commutative
(vi) The relation R = {(a,b) € V XV | bV a = b} is antisymmetric.

Definition 1.7. [1] Let V be a PDL. Then, an element m € V is said to be a minimal element,
if for any a € V, a < m implies = m = a.

Lemma 1.8. [1] Let V be a PDL. Then for any a € V, the following are equivalent:
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(i) m is minimal
(it) a Am=m, foralla €V
(iti) aVvm =a, for alla € V.

A non-empty subset F' of a PDL V is said to be a filter, if it satisfies a,b € F implies aAb € F,
and a € F, x € V implies x Va € F.

Let S be a non-empty subset of V. Then [S) = {xV (Al s;) | s, €8, z €V, 1<i<nandn
is a positive integer} is the smallest filter of V' containing S. If S = {a}, then we write [S) = [a),
the principal filter generated by a. A proper filter(ideal) P of V is said to be a prime filter(ideal)
if for any z,y € ViaVye PleAye P)=x € Pory¢€P.

The collection F (V) of all filters of a PDL V forms a distributive lattice under set inclusion,
in which, the glb and lub of any two filters F' and G are given by FAG = FNG and FFVG =
{fNg]| fe€Fandge G}, respectively and also the set of prime filter PF (V') of a PDL V forms
a distributive lattice.

Lemma 1.9. [1] Let V be a PDL and F is a filter of V.. Then, for any a,b € V, we have the
following:

(i) [a) ={zVa|zeV}

(i) acb) & a=aVb, forallabeV
(iii) aVbe F < bVaeF

(iv) [aVb) =[bVa)=[a)A[b)

(v) [aAb) =[bAa)=la)V[b).

Definition 1.10. [2] For any non-empty subset S of a PDL V, write (S)* = {a € V | sVa =1, for
all s € S}. Then (5)* is a filter of V, and is called the annihilator of S'in V. If S = {s}, we write
(s)*, for ({s})*. A filter F is called an annihilator filter if F** = F.

Lemma 1.11. [2] For any a,b €V,
(i) a<b= () C ()",
(ii) (aVb)* = (bV a)",
(iii) (a AB)* = (b Aa)",
(iv) (@ AB)* = (a)* N (B)",
(a)* v ()" C (aV b,

(vi) a € (2)" = (2)™ C (a)7,

2 Quasi-complemented PDLs

Lemma 2.1. Let V be a PDL with minimal element m. Then m A a and a A m are minimal, for
alla V.

Proof. Let m be a minimal element in V and a € V. Then a Am = m and a V m = a. Now,
(a Am)Vm =m. Then a Am < m. Since m is minimal, a A m = m. Hence a A m is minimal.
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Therefore a A m is minimal(since m is minimal).

For any b € V,
b<mAa = bV(mAa) = (mAa)
= (bvm)A(bVa) = mAa  ( by Definition 1.1(3))
= bA(bVa) = mAa (sincebVm=2»>)
= b = mAa. (Lemma 1.3(v))
Therefore m A a is minimal. O

Lemma 2.2. In a PDLV, a Ab is minimal if and only if b A\ a is minimal, for all a,b € V.

Proof. Let a,b € V. Suppose a A b is minimal. Let v € V such that u < bAa. Now bAa =
uV(bAa)=uV (aAb) (by Lemma 1.4(v)). Since a A b is minimal, bAa = u (by Lemma 1.8(iii)).
Therefore b A a is minimal. The converse is trivial. O

Theorem 2.3. Let V' be a PDL with minimal elements and M 1is the set of all minimal elements
in' V. Then M U{1} forms a subPDL of V.

Proof. Let my, mo € M. Then myV ms = my and mj Ame = mo. Therefore mq Ams, miVms €
M. Now, mV1=1Vm=1and mAl=m = 1Am is minimal, for all m € V. Therefore M U{1}
is subPDL of V. O

Theorem 2.4. The set of minimal elements of a PDL forms an ideal of the PDL.

Proof. From the above theorem, the set of minimal elements M is closed under A and V. Let
m € M and a € V. Then m Aa, a Am € M(by Lemma 2.1). Hence M is an ideal of the PDL
V. O

Lemma 2.5. For any element m € V., m is minimal if and only if [m)=V.

Proof. Let a,b € V. Suppose m is minimal element in V. Then [m) C V. Now, [a Vm) = [a) =
[a) N [m) = [a) = [a) C [m) = a € [m). Therefore V C [m). Hence V = [m). Conversely suppose
[m)=V. If a <m, [m) C[a) =V = [a) = [m). Therefore a € [m). Then a = a VvV m(by
Lemma 1.9(ii)). Since a < m, m = a V m. Hence m = a. Which is a contradiction. Thus m is
minimal. O

Theorem 2.6. Let V be a PDL and a € V. Then [a) = [1) if and only if a = 1.

Proof. Suppose [a) = [1). Now, a € [1) = [a). Then a = aV 1 = 1(by Lemma 1.9(ii)). Converse
is straight forward. O

We can observe that the following examples to study independence of prime filters and anni-
hilator filters in PDLs.

Example 2.7. Let V = {0,a,b,c, 1} be a PDL whose Hasse-diagram is given below;
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Let F' = [a) = {a,c,1} is a prime filter of V and (a)* = {1} and (a)** = {1}* = V. Then
(a)** # [a). Therefore [a) is not an annihilator filter in V' with respect to a.

Example 2.8. Let V ={0,a,b,c,d,e, f,1} be a PDL whose Hasse-diagram is given below;

1
d !
<D
a C
0

Let FF = {1,d}. Then F* ={c,e, f,1} and F** = {d,1} = F. Therefore F is an annihilator filter
in V, but not prime. Because let a,b € V, thenaVb=d € Fbuta¢ F and b ¢ F.

Lemma 2.9. If every prime filter of a PDL is an annihilator filter, then every prime filter is
manimal.

Proof. Let V be a PDL. Suppose every prime filter of V' is an annihilator filter. Let P be a prime
filter of V. If P is not minimal, then there exists a minimal prime filter @ of V such that @ C P.
Therefore there exists a € P such that a ¢ Q. Since P is prime filter, P is an annihilator filter.
Therefore P = P**. Now, a € P. Then aVb =1, for all b€ P* and a V b € ). Since @ is prime
and a ¢ Q, b € Q, for all b € P*. Therefore P* C @ and hence @* C P = P**. But we have
Q C P, P* C Q*. Therefore P* C QNQ* =[1). So that P* = [1) and P* =P = ([1))* = V.
Which is contradiction(since P is proper). Thus P is minimal. O

Definition 2.10. A PDL V is said to be quasi-complemented if for each a € V, there exists
a €V such that aVa =1 and a A a is minimal. Hence a is called quasi-complement of a.

We can observe that the operations A and V need not be commutative in PDL V', but avb =1
if and only if bV a = 1 and aAb is minimal if and only if bAa is minimal, for all a,b € V. Therefore
we conclude that a is quasi-complement of b, then b is also a quasi-complement of a.
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Example 2.11. Let V be a PDL with minimal elements. Then M U {1} is a quasi-complemented
PDL with same operations on V. Where M is the set of minimal elements in V.

Proof. By Theorem 2.3., M U {1} is a subPDL of V. Let m; € M. Thenm; V1=1Vm; =1
and my A1 =my =1 Amy is minimal. Therefore M U {1} is quasi-complemented. O

Example 2.12. [1] Let V be a non-empty set. Fix some element by € V. Then for any a,b € V,
define A and V by

aNb= b, 1.fb7£b0 and aVb= a’.lfb#bo
a, if b="by b, if b = by.

Let (V, A, V,by) be disconnected whose operation of A and V define in Example 1.2., with greatest
element by. Moreover V is a quasi-complemented PDL. Because let a € V and a # by. Then
aVby="by. Forany u eV, u<a= uAa=u. Since a # by, u A a = a. Therefore a = u. Hence
a A by = a is minimal. Hence a is quasi-complement of by. Thus V is quasi-complemented.

We know that the complement of an element of a distributive lattice(Boolean algebra) is
unique if it exists but in PDL need not be unique. In the above example, we observe that the
quasi-complement of every non-greatest element(a # bg) is bg. Therefore we can state that the
quasi-complement of an element in PDL need not be unique.

Theorem 2.13. Let V be a quasi-complemented PDL and a,b € V. If b is a quasi-complement
of a, then (a)* = [b).

Proof. Assume that V is a quasi-complemented PDL. For any a € V', there exists b € V' such that
aVb=1and aAbis minimal. Then b € (a)*. Therefore [b) C (a)*. Let ¢ € (a)*. Then cVa = 1.
Now, c =cV (aAb) = (cVa)A(cVb) =1A(cVb) =cVb. Therefore ¢ = ¢V b. By Lemma 1.9(ii).,
¢ € [b). So that (a)* C [b). Hence (a)* = [b). O

Theorem 2.14. If every element of a quasi-complemented PDL has unique quasi-complement,
then it is a Boolean algebra.

Proof. Let V be a quasi-complemented PDL in which every element has unique quasi-complement.
Since 1 € V, there exists 1" € Vsuch that 1v1 =1 =1"v1and 1Al is minimal in V. Let m be a
minimal element in V. Then 1Vm = 1 and 1Am = m is minimal. Therefore 1 is quasi-complement
of m. Since V has unique complement, therefore m = 1. Forac V', there exists a €V such that
aVa =1and aAd is minimal and hence a Aa’ = 1. Now (a Ad')Va=(a Aa)Va=alby
Lemma 1.4(x)). Then 1" = aAa" < a. Therefore 1" < a, for all a € V. Hence V is bounded. Thus
V' is Boolean algebra. O

Theorem 2.15. For a PDL V with minimal elements, V is quasi-complemented if and only if
PF(V) is a Boolean algebra.

Proof. Suppose V is a quasi-complemented PDL. We know that PF(V) is a bounded distributive
lattice with least element [1) and the greatest element V' = [m) where m is minimal element in
V. Let a € V. Then there exists b € V such that a Vb =1 and a A b is minimal. Therefore
[avd)=T[a)A[b)=[1) and V = [a Ab) = [a) V [b). Hence PF(V) is Boolean algebra. Conversely
suppose PF (V) is a Boolean algebra. Let a € V. Then there exists b € V such that [a) A [b) = [1)
and [a) V [b) = V. By Lemma 2.5., and Theorem 2.6., [a Vb) = [1) and [a Ab) = V. So that
aVb=1and a A b is minimal. Hence V is quasi-complemented. O

Theorem 2.16. Let V be a PDL with minimal element m. Then V is quasi-complemented if and
only if every prime filter in V' is minimal.
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Proof. Let V be a PDL with a minimal element m. Suppose that V is quasi-complemented. Let
M be a prime filter in V. If N is a prime filter of V such that N C M, then there exists a € V
such that « € M and a ¢ N. Since V is quasi-complemented, there exists b € V such that
aVb=1and aAbis minimal. Then a € N or b € N(since 1 € N). Therefore b € N and hence
aNbe M. By Lemma 2.5., V = [a Ab) = M. Which is contradiction. So that M is minimal
prime filter of V. Conversely suppose that every prime filter in V' is minimal. Let ¢ € V and
¢ has no quasi-complement in V. Let N = {b € V | b Ac¢ is minimal}. Since V has minimal
elements(m), m A ¢ is minimal(by Lemma 2.1.). Therefore m € N. So that N is non-empty. Let
a,b€ N. Then a A c and b A ¢ are minimal in V. Let d € V. Now,

d<(avb)Ac = dV{(aVvbd)Ac} = ( )
= dV{(anc)Vv(bre)} ( YAc (by Lemma 1.4(iv))
= dV(aAc) = (aVb)Ac (since bA cis minimal)
= d = (aVb)Ac. (since aA cis minimal)

Therefore (a V b) A ¢ is minimal. So that (a VvV b) € N. Let e € V. Now,

d<(ane)hc = dV{(ane)Ac} = (aNhe)Ac
= dV{cAn(ane)} = (ane)Ac (by Lemma 1.4(v))
= dV{(cha)rne} = (ane)Ac (by Lemma 1.4(vii))
= dV{(en(cha)} (ane)Ac (by Lemma 1.4(v))
= dV(cAha) = (aNe)Ac (cAais minimal))
= d = (aNe)Ac. (cAais minimal)

Therefore (a A €) A ¢ is minimal. So that a Ae € N.

d<(ena)hc = dV{(ena)Ac} = (eha)Ac
= dV{en(anc)} = (ena)Ac (by Lemma 1.4(vii))
= dV{(anc)re} = (eAa)Ac (by Lemma 1.4(v))
= dV(aAc) = (eAa)Ac. (since aAc is minimal)

Therefore (e A a) A ¢ is a minimal. So that e Aa € N. Hence N is an ideal of V. Take an ideal
N.=NV (. If1e NV (c,thennV(aAc)=(nVa)A(nVec)=1. Therefore nVa=1=nVe.
Since n A ¢ is minimal, ¢ is a quasi-complement of n. Which is contradiction. So that 1 ¢ N,V (¢].
Hence N. N [1) = ¢. Which implies that there exists a prime filter P such that [1) C P and
PN N, = ¢. Let m be a minimal element in V. If m € PV [¢), then m = pAt, where t =tV c.
Now V =[m) = [pAt)=[p)V[t) C[p)V[c) =[pAc). Then V = [pAc). Therefore pAc is minimal
in V(by Lemma 2.5). So that p € N C N.. Hence PN N, # ¢ which is contradiction. Now PV [c)
is proper filter of V. Then there exists a minimal prime filter M such that M C PV [¢). Since
c¢ P, M ; P which is contradiction to our assumption. Thus V is quasi-complemented. O

From the above Theorem, we can directly state the following theorem.

Theorem 2.17. If every prime filter of a PDL V with minimal elements is an annihilator filter,
then V is quasi-complemented.

3 Characterizations of quasi-complemented PDLs interms
of dense elements

Definition 3.1. An element d € V is said to be dense if V' has exactly one element 1 such that
dv1=1Vvd=1. Hence (d)* =[1) = {1}.
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Theorem 3.2. The set D of dense elements in a PDL V' forms an ideal of V whenever V has
dense elements.

Proof. Let dy,ds € D and t € V. Now, t € (dy Vdy)*. Then tV (d; Vdy) = 1. Therefore
(tVdy)Vde =1. Sothat tVd; € (d2)* = {1}. Hence ¢tV d; = 1. Since d; is dense, t = 1. Thus D
is closed under V. Let a € V and d; € D. Now, t € (dy Aa)*. Then ¢t € (d1)* N (a)* (by Lemma
1.11(iv)). Therefore t € (d1)* = {1}. So that ¢ = 1. Hence dy Aa € D. Thus D is an ideal of
V. O

Lemma 3.3. Every minimal element of PDL is dense.

Proof. Let V be a PDL and m is a minimal element in V. Fort € V, t € (m)*. Thentvm =1=
m V t. Since m is minimal, ¢ V m = t. Therefore ¢ = 1. Hence (m)* = {1}. Thus m is dense. [

Remarks 3.4. The converse of the above lemma need not be true. We can
see the following example.

Example 3.5. Let V = {a,b,c,d,1} be a set with binary operations V amd A given in the
following tables:

Vial|ll|b]c|d Alall|blc|d
alalllalc |c alalal|b|lalb
111|111 l|la|l|b|c|d
blb|1|b|d|d bla|lb|b|lal|b
clec|l]e|c|ec clale|blc|d
dld|1|d|d]|d dla|d|blc|d

Then (V,V,A, 1) is a para distributive latticoid but not distributive. Let ¢,d € V. Then (¢)*
(d)* = {1}. Therefore ¢ and d are dense elements in V, but not minimal. Because a Ac =a # ¢
and b A d = b # d. Therefore ¢ and d are not minimal elements in V.

Example 3.6. Let X be a discrete PDL and I is an infinite set. Then the set S := {f € X' |
|f| = {i € I| f(i) # 1} is finite } is a PDL with pointwise operations and there are no dense
elements. Hence it is not a quasi-complemented PDL. Thus we conclude that every PDL need not
be quasi-complemented.

Theorem 3.7. If V is a quasi-complemented PDL, then every dense element in V is minimal.

Proof. Suppose V is quasi-complemented. Let a € V' be a dense element. Then (a)* = [1). For
this a € V, there exists b € V such that a Vb =1 and a A b is minimal. Therefore b € (a)* = [1).
So that b = 1. Since a A b is minimal, a Ab = a A 1 = a is minimal. Thus every dense element in
V' is minimal. O

Lemma 3.8. Let V' be a quasi-complemented PDL and x € V. Then x Ab is dense if b is
quasi-complement of x.

Proof. Suppose V is a quasi-complemented PDL and x € V. If b € V is a quasi-complement of z,
then we have Vb =1 and x A b is minimal. Let t € V. Now, t € (x Ab)*. Then tV (z Ab) = 1.
Since x A b is minimal, t = 1. Hence z A b is dense. O

Theorem 3.9. A PDLV is quasi-complemented if and only if it is sectionally quasi-complemented
and processes a dense element.

Proof. Suppose V is quasi-complemented. Then it can directly prove that V is sectionally quasi-
complemented. Now, 1 € V. Then there exists a € V such that 1Va =1 and (1 Aa)* = [1)(since
V is quasi-complemented). Then (a)* = [1) and hence a is dense(by Definition 3.1). Conversely

suppose that the given conditions are hold. Let d € V be a dense and @ € V. Then I = [a A d, 1]
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is quasi-complemented and a € I. Hence there exists b € I such that aVb=1and (aAb)* =[1) in
I. Let ¢ € V such that (a Ab)Ve=1. Then (aVe)A(bVe) = 1. Therefore aVe=1=bVec. Now,
[eV(and)]V(aAb) =cV]aA(dVbd)] = (ecVa)A(cVdVb) = 1A1 = 1. Therefore ¢V (aAd) € (aAb)*
and ¢V (aAd) € I. Since (a Ab)* =[1), ¢V (aAd)=][1). So that (¢Va)A (cVd)=1. Hence
c¢Va=1=cVd. Since d is dense, ¢ = 1. Therefore (a Ab)* =[1)in V and a Vb= 1. Hence V is
quasi-complemented. O

Lemma 3.10. Let V be a PDL anda € V. Then (a: D) ={x € V | x Aa € D} is an ideal of
V', where D is non-empty set.

Proof. Let z,y € (a : D). Then z Aa,y Aa € D and (z Aa)* = {1} = (y A a)*. Now,
[(xVy)Aal* = [(zAa)V (yAa)]*. Therefore (xAa)*V(yAa)* C [(zVy)Aal*(by Lemma 1.11(v)).
Fort eV,
te(xVy) Na]* tVizVy Na]l =1

tV(zAa)V(yAa)=1 ( by Lemma 1.4(iv) )
[tV (zAa)]V(yAa)=1 ( by Lemma 1.4(vi))
tV(zna)=1 (since y Aa € D)
t=1. (since x Aa € D)

L R

Therefore (zVy) Aa € D. Hence zVy € (a: D).
Fort,beV,

tel(lxnb)nal* = tV[(xzAb)Aal=1
= [tV(xAb)]|A(tVa)=1 ( by Definition 1.1(i) )
= (tVa)A@EVD A({tVa)=1 ( by Definition 1.1(i) )
= tVaz=tVb=tVa=1
= tV(rAa) =1
= t=1. ( since x Aa € D)
Therefore (x Ab) Aa € D. Hence z Ab € (a: D). Thus (a: D) is an ideal of V. O

Definition 3.11. Let V be a PDL and z,y € V. Define a relation § on V by 6 = {(z,y) | (z)* =
(y)*} is a congruence relation on V.

Theorem 3.12. For any quasi-complemented PDL V', 0 = {(a,b) € V x V | (a; D) = (b; D)}.

Proof. Let (a,b) € 6. Then (a)* = (b)*. Let z € V. Now, z € (a;D) @ zAha €D & (zAha)* =
{1} e @n@ ={1} @b ={1} e (zAb*={1} @ zAbe D < zc (hD).
Therefore (a; D) = (b; D). Hence (a,b) € {(a,b) € V x V| (a; D) = (b; D)}. Conversely suppose
that a,b € V and (a; D) = (b; D)}. Since V is quasi-complemented, for a € V, there exists z € V'
such that Vo = 1 and a Az is minimal. Since every minimal element is dense, z € (a; D) = (b; D).
Therefore x A b is dense. Let y € (b)*. Then y V a € (b)*(since (b)* is filter). Since a € (a)**,
yVa € (a)**. Then yVa € (a)* N (b)*. Since x € (a)*,[z) C (a)*. Therefore (a)** C (x)*. So
that y Va € (2)*N(b)* = (x Ab)* = {1} and y € (a)*. Hence (b)* C (a)*. Similarly we can prove
(a)* C (b)*. Therefore (a)* = (b)*. Hence proved the theorem. O

Lemma 3.13. For any PDL 'V in which every dense element is minimal, V is quasi-complemented
if and only if for any x € V, there exists y € V' such that x Ny is dense and xV y = 1.

Theorem 3.14. Let F be a filter of V and P is a prime filter in V which containing F. Then P
is minimal filter containing F if and only if for any x € P, there exists y ¢ P such that xVy € F.

Proof. Suppose that P is a minimal prime filter containing a filter F'in V. Then V — P is a prime
ideal of V. Let € P. Now, I = (V — P) V (2], where (z] = {a Az | a € V}. Then I is an ideal
of V. It INF = ¢. Then there exists a prime filter ) of V' such that FF C Q and I N Q = ¢.
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Therefore Q@ C P. Hence F C Q C P. Since P is minimal = P. Which is contradiction(since
x € P). Therefore INF # ¢. Let t € INF. Then t € I implies t = yV (a Az) for some y ¢ P and
ac€V.Now, tVe=[yV(eAz)]Ve=yVz € F(since t € F and F is a filter). Then yVz € F
and y ¢ P. Conversely suppose that for any prime filter P of V', and « € P there exists y ¢ P
such that x Vy € F. Let @ be a prime filter of V' such that F* C @Q C P. If x € P, then there
exists y ¢ P such that x Vy € F C Q. Since Q is prime and y ¢ P, x € Q. Therefore P C Q.
Hence P = @. Thus P is minimal prime filter of V' containing F'. O

Corollary 3.15. For any prime filter P of V., P is minimal if and only if for any x € P, (x)* € P.

Proof. Let F = {1} be a filter of V. Then F C P for any prime filter of P of V. Let € P. By
the above theorem there exists y ¢ P such that z Vy € F' = {1}. Therefore x Vy = 1. So that
y € (x)*. Hence (z)* ¢ P(since y ¢ P). O

Theorem 3.16. For any PDLV in which every dense element is minimal, V is quasi-complemented
if and only if for any filter F of V with F N D = 0, there exists a prime filter P of V such that
FCPand PND=0.

Proof. Let V be a PDL with minimal elements and F is a filter of V such that F N D = {.
Therefore there exists a prime ideal I of V such that FN T = and D C I. Hence V — I is a
prime filter of V' containing F and V — I'N D = (. First we prove that V — I is minimal. Let
xz € V —I. Since V is quasi-complemented PDL, there exists 2’ € V such that x A 2’ is minimal
and zVa' =1. If2’ € V—1I thenxz Az’ € V —1I. Therefore [zt Az') =V =V — I(since z Az’
is minimal). So that I = ¢. Which is contradiction. Hence 2’ ¢ V — I. Therefore 2’ € I. Now,
zVa' =1. Then 2’ € (z)*. Since 2/ ¢ V — I, (z)* € (V —I) # (. By the above Corollary 3.14.,
V — I is a minimal prime filter of V' containing F. Conversely suppose that for any filter F' of V'
with N D = (), there exists a prime filter P of V such that F C P and PN D =(. Let z € V.
Then [z) V (z)* is a filter of V and [z) V (z)* not contained in any minimal prime filter of V. If
[z) V (z)* C P where P is a minimal prime filter of V, then [1) V (1)* =V C P. Hence P = V.
Which is contradiction. Suppose [[z) V (z)*] N D # 0. Choose d € [[z) V (z)*]ND. Then d=aAb
where a € [z), b € (2)* and d € D. Therefore (z)** C (b)* and (z)* C (a)*. So that x Vb =1
and (z Ab)* = (2)*N(b)* C (a)* N (b)* = (aAb)* = (d)* = {1}. Hence = A b is dense. Thus V is
quasi-complemented. O

Finally, we define a definition to prove equivalent conditions for a quasi-complemented PDL
to become a Boolean algebra. A PDL V is said to be disjunctive if (a)* = (b)* implies a = b, for
all a,b e V.

Theorem 3.17. For any quasi-complemented PDL V| the following are equivalent;
(i) V is disjunctive PDL
(i) V has exactly one dense element

(#i3) V is a Boolean algebra.

Proof. Let V' be a quasi-complemented PDL.

(i) = (it): Suppose V is disjunctive. Let dy,ds are two dense elements in V (since every quasi-
complemented PDL has dense elements). Then (dy)* = (d2)*. Therefore di = da(since V is
disjunctive). Hence V has exactly one dense element.

(i) = (7i1): Suppose V has exactly one dense element. Let 2z € V. Then there exists an element
y € V such that Ay is minimal and =V y = 1. Since every minimal element is dense and by the
hypothesis V' has unique dense say that the dense element is d’. Therefore d =z Az’ <z < 1.
So that the PDL is bounded. Hence it a Boolean algebra.

(#i1) = (i): In a Boolean algebra V', (a)* = (b)* implies a = b, for all a,b € V. Hence V is
disjunctive. O
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