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1.Description of the Problems

Let 11 denote the real line. Let 1, =[-r,0] and I =[0,a] be two closed and bounded
intervals in [ for some real numbers r and a with >0 anda>0. Let 0 =0 (1,,0)

denote the space of all continuous real valued functions on I, equipped with the ||

defined by
Jul, = suplju(r)
Given a measurable space (Q,A)and a given a history function ¢:Q—0 (1,,0),

We discuss the following perturbed functional random differential equation (FRDE)

u'(t,w)=p(t.u, (0),0)+q(t.u, (@), 0)+r(tu,(0),0) aetel,

{1.1}
u(t,w)=9¢(t,0) tel,

for all we Q where p,g,r: IXCxQ
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Here, we shall use a random version of the Leray-Schauder type principle proved in
Dhage [3] and study the nonlinear initial value problems of perturbed functional

random differential equation of first order of the solution under suitable conditions.
2.Auxiliary results

let (©,A) denote a measurable space, U a separable Banach space. Let 5, be a

sigma algebra of all Borel subsets of U. A mapping u:Q — U is called measurable if

forany Be 3, .

u" (B)={we Q/u(w)e Bje A

We recall that a multi valued mapping F :Q — 2“\ ¢ is called measurable if for any in

Be f3,.

F'(B)={we Q/F(®w)nB+¢}c A

A measurable mapping ¥ :Q — U is called a measurable selector of the multi-valued

napping F:Q —2"\¢ if y(w)e F (o) forwe Q.

Let T:U — U, Tis called a contraction if there exists a constant a <1such that

|, -7 || < a|u—»||for allu,ve U, Tis called compact if T(U) is the compact subset of

U where T(U) is the closure of T(U)inU. T is called totally bounded if for any

bounded subset Sof U,T(S) is a totally bounded set in U.

A random operator T :QxU — U is called contraction (resp. compact. totally

bounded and completely continuous) if T (@) is contraction (resp. compact, totally

bounded and completely continuous) for each we Q.

We need the following fixed point theorem of Dhage [4].

Theorem 2.1. Let A,B,C:QxU — U be two random operators satisfying for each

we Q
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(a). A(w) , B(w) ,are contractions.
(b). C(w) is completely continuous and
(c). the set e={we Q >U/A(®)u+B(®)u+C(w)u=ou} is bounded

for all a>1

Then the random equation
A(@)u+B(@)u+C(®)u=u

has a random solution.

Next we prove a random version of the following fixed point theorem of Dhage [3]
Theorem2.2. Let A,B,C:U — U be operators such that:

(a) A,B are linear and bounded and there exists a pell such that A”is a

nonlinear contraction, and
(b) C is completely continuous.
Then either
(i) the operator equation Au+ Bu+ ACu =u has a solution for A=1or

(i) the set e={ue U/ Au+Bu+ ACu=u,0< A<1}is unbounded.
Theorem2.3. Let A,B,C:QxU — U be random operators satisfying for each we Q

(@) A(w),B(w) are linear and bounded, and there exists a pe [1 such that

A’ is a nonlinear contraction, and

(b) C(w)is completely continuous and
(c) the set e={ue U/ A(@)u+A(@)u+A(®)C(®)u=u} is bounded for

every measurable

function4: Q-0 with0<A(®w)<1.

Then the operator equation
A(®)u+B(@)u+C(@)u=u

has a random solution.

As a consequence of Theorem 2.2 we obtain
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Corollary 2.4 Let A,B,C:QxU — U be two random operators satisfying for each
we Q

(a) A(w) , B(w)are contractions.

(b) C(w) is completely continuous.

(c).the sete={uec Ul A(w)u+B(@)u+A(w)C(w)u=u}is bounded for

each  1e(0,1)

then the random equation(1.1) has a random solution.

3. Existence Theory

Let M (J,00),B(J,01),BM (J,[1),AC(J,[)),C(J,0) denote respectively the spaces of
all measurable, bounded, bounded and measurable, absolutely continuous and

continuous real valued functions on J .Define a norm ||| .inC (/.00 ) by

e =maxe ()

teJ

Clearly C (J,0 ) is a separable Banach space with this supremum norm. We need the

following definitions.

Definition 3.1. A function g:J/xCxQ — [ is said to be w-Caratheodory if for each

we Q

(i) .t = p(r,u,®) is measurable for allue C, and

(i) u = p(t,u, ®) is continuous for almost everywhereze J

Further a o -Caratheodory function Bis called L, -Caratheodory if

(iii) for each real number & >0there exists a function 1, :Q — L, (J,0)
such that

|,3(t,u, 60)| <h (t,0),aete ]

For allue C with|u(o)]_ <k
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We consider the following set of hypotheses.

(A). The function @ — p(r,u, ), @ — q(t,u, ) are measurable for all

teland ueC

(B). The function ¢ — p(t,u,®), g — p(t,u,®)are continuous for each
we Q, and there exists  a function a:Q — L' (J,0), with | ()|, <1

, such that for each we Q

|p(t,u,a))—p(t,v, a))| < a(t, w)”u(w)—v(w)”c aetel,
|q(t,u,a))—q(t,v, w)| < a(t,w)”u(w) —v(a))”C aete l
forall u,ve C.

(C) .The function @ — r(t,u,®)is measurable for all re I and ue C

(D).The function g is L, - Caratheodory.

(E).There exists a function y:Q — L (J,0 )with y(r,w)>0a.e. te J
and a continuous nondecreasing function y : (0,e0] — (0,0) such

that
|r(t.u.0)| < y(r.0)y(|u(o)).)aere 1

forall uell .

Theorem 3.1. Assume that hypothesis (A) -(E) hold. Further suppose that

||0!(60)||L1 <1 and

Ll

co (@) =|¢(o)| +j|r(s,0,w)|ds and % (s, @) = max{a (s, ), x (5. )}

Then the perturbed FRDE (1.1) has a solution onJ .
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Proof. Let U =0 (J,R), Now FRDE(1.1) is equivalent to the random integral equation
(RIE)

1

u(1,0)=0(0.0)+ [ p(tu (@) @5+ [q(t.u, (@),0)ds + [ r(1.u, (@), )ds.

0

ae.tel (3.2)
=¢(t’w)’ tEIO

Define three operators A,B,C:JxCxQ —U by

A(@)u(1.0)= [ p(tu, (@) 0)s  ae.rel,

=0 tel,

and

B(a))u(t,a))ZJq(t,us(a)),a))ds, ae tel,
0

=0 tel,

C(@)u(.0)= [ r(u, (@), o)is
=¢(t, @)

Then the problem of finding the random solution of the perturbed FRDE (1.1) s just
reduced to finding the random solution of random equation
A(@)u(r,0)+B(o)u(t,0)+C(@)u(t,w)=u(t,w) te Iin U. This further implies that
the random fixed points of the operator equation
A(o)u(r,0)+B(@)u(t,0)+C(w)u(t,®)=u(t,®) are the random solution of the
FRDE (1.1)on J. We shall show that the operators A(®),B(®)and C () satisfying

all the condition of Theorem 2.1.

Step I: First we show that A(w), B(@)and C(w)are random operators onU . Since
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o q(tu (0),0)

Is measurable for each re I anduel] ,and the integral on the right hand side of the

equation (3.2)is the limit of the finite sum of measurable function, the function

0> L;r(t,us (), w)ds

and

Is measurable. Hence the operator A(w)is arandom operator onU .

Again the function @ — ¢(r,w)is measurable for each 7 I and the integral
a)|—>'|‘0r(t,us (), w)ds

Is measurable, therefore and the sum ¢(0, (0)+J‘0tr(t,us (), )ds is measurable in

we Qfor eachte I .Hence the operator C(w)is a random operator onU .

Step Il: Next we show that A(w)is a contraction random operator onU . Letu,ve U .

Then by(H2)

|A(a))u(t)—A(a))v(t)| zjgp(s,u, (w),w)ds—jgp(t,v, (), w)ds
< a(t,a))”u[ (w)-v, (co)”u

<la ()], Ju(@)-v(a)]
Taking supremum over t, we obtain

[A(@)u(r)=A(@)v ()| <[a(@)], |u(@)-v()],

for all u,ve Uand we Qwhere|a(w)|, <1. This shows that A(w)is a contraction

random operator on U .
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Similarly,we can show that B(w)is a contraction random operator onU . Letu,ve U .

Then by(B)

|B(a))u(t)—B(a))v(t)| zj(jq(s,ut (w),w)ds—qu(t,vt (), w)ds
< B(t.0)|u, (@) -, (o)]
<|p(@)], Ju(@)-v(@)]

Taking supremum over t, we obtain

B(@)ult)-B(@)v ()|<|B(@)], Ju (@)~ ()]
for all u,ve Uand we Qwhere |g(w)|, <1. This shows that B(®)is a

contraction random operator on U .

Step Ill: Now we shall show that the random operator C()is completely continuous
on U . First we show that C(w)is continuous on U .Using the dominated

convergence theorem and the continuity of the function r(z,u,@)in u,it fallows that

C(a))un (t,a)) = ¢(6’, a))+ r(s,un (s+6’,a)),a))ds

[SY

=¢(0,0)+ r(s,u(s+9,a)),a))ds

[SY

=C(o)u(r, o)
forall teI.
Similarliy,

|C(@)u, (t.0)|=¢(t.0) = C(@)u(t,0)forall te I,

This shows that the C(@) is continuous random operator on U .

PAGE NO: 227



TANZ(ISSN NO: 1869-7720)VOL20 ISSUE6 2025

Next we show that C(w)is totally bounded random operator on U .To finish, it is
enough to prove that {C(@)u, :ne N}is uniformly bounded and equicontinuous set in
U . Suppose that u, (,®)is a bounded sequence in U . Then there is a real number

s>0such that u, (t,w)<s,Vne N.

C(@)u, (1,0)| < max{Jg (6, @) o (1. @)} + | (5.1, (5+ 6. ). @)l

0

<[p(@)] + [ (s.0)

<Jo(@)] +][n(s.0)
<[¢(@)], +[n (@),

Taking supremum over t, we obtain

C(@)u,|<]o(@)], +]n. ()],
Which shows that{C(@)u, :ne N}is uniformly bounded set in U .

Next we show that the set {C(w)un ‘ne N}is an equicontinuous set. Lett,ze

Then

C ()

<
—_~
~
N—
|
!
—_~
S
N—
<
—_~
N\
=~
N

j‘r(s,u” (a)),a))ds—jr(S,x” (w),a))ds

< j‘r(s,un(a)),a))‘ds

< jhs(s, w)ds

<|a(t,w)-a(z, 0)

PAGE NO: 228



TANZ(ISSN NO: 1869-7720)VOL20 ISSUE6 2025

Wherea(t,w) = j.hs (s, w)ds
Since p is continuous on /, it is uniformly continuous on /. Therefore
|C(@)u(r)-C(@)u(r)|>0ast>7
Again let r,7e I, Then we have
C(@)u(r)-C(@)u(z)|=|¢(t.0)-¢(r.0)| 50 as t >

Similarly if e 1 and ze I,then we obtain

C(@)u(r)-C(@)u(7)|=9(z.0)-9(0.0)-

jr(s,un(w),w)ds

<|g(r.0)-9(0.0)|+

jr(s,un (a)),a))ds
<[0(1,0)~(0.0)|+ [|r (5.4, (). ) ds

<|g(t.@)- ¢ (0,0)| +jhx(s, w)ds

Now if |t—z'| — 0,thus we have r — 0asz — 0,s0 by continuity of gand the integral, it

follows that
|C(@)u(r)-C(@)u(r)|>0ast—>7

Hence the set {C(w)u, :ne N} is an equicontinuous in U. Thus the random operator

C(w)is completely continuous in view of Arezela-Ascoli Theorem.

Finally we show that the hypothesis (c) of Theorem 2.1 holds.

Let /e ¢ be arbitrary. Then we have

A(o)l(r,0)+B(o)l(1,0)+C(o)l(t,0)=A(t,®) ,A>1 for
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all e J.Therefore
(t.w)= 2" [A(@)1(1)+B()1(1)+C(@)1(t)]
for re J.Hence

(1, )| =

L (/)(O,a))+jp(t,ls (a)),a))ds+jq(t,ls (a)),a))ds+jr(t,ls (w),w)ds ,tel

o(t,w),tel

0

Hence iftre I,

(1, )| < ‘ﬂ‘l‘max {|¢(O, a))|,|¢(t, a))|}+‘/1‘1‘ +‘/1‘1‘

[ p(s.1, (), 0)ds

+‘/1 H 5,1 (w),w)d

0

. +j| p(s,lx(a)),a))|ds+j.|q(s,lx(a)),a))|ds+j.|r(s,lx(a)),a))|ds

<[o(@)]. +[|p (5.1, (@) p(5.0.0)ds + [|p(5.0.0) + [ (1. @Np(J1. @] )s

0

o) +[a(s.o)i. @) )ds+[|p(s.0.0)ds+ [ (r.op (|1, )ds
0 0 0

~

)+ [3ts 0@l +o(l@] )]as

0
Set I(t,w)=max _, ,|I(s,®)| Then |u(r,®)| < w(t,w),Vie Jandwe Q , and

there is a " e [-r,t] such that

w(to)=|i¢", @) =max _ ,|i(s. 0)

for all we Q .Therefore for any re I we get
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D)ds

1(1.0)=c, (@) + [ 7(5.0)

0

+o()l,

<c,(@)+ | 7(s, )[w(s,a))+q0(w(s,a))”ds.

ov._.,-,

Let

[w(s a))+go( (s, ))}ds,te 1

m(t,s) =c,

ot_.N

Then we have w(t,)<m(t,),Vie Iand we Q andm(0,w) = ¢, (w). Differentiating

w.r.t.t yields
m(t,0)=P(t, a))[w(t, o)+ o(w(t, w))}
< f/(t,a))[m(t,a))+(p(m(l,(e)))],te 1

Hence from above inequality we obtain

' (t, )
m(t, )+ ¢(m(t,))

<y(rw),tel.

Integrating from 0 to t gives

‘ m'(t,a)) “
-([m(t, )+ (o(m(t,w))ds : ! P(r.)ds

By change of the variable, we obtain

m(s,w)

I[f/sa) }[ Swds<jw+qo(w)

w+ qo(w

co(®)
This implies that there exists a constant M (w) > 0such that
m(t,w) <M (w),Vte Jandwe Q

Then we have
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u(t, )| <|wt,0)| <|ut, )| < M (@),Vie ] andwe Q

Then the set ¢ is bounded. Hence an application of Theorem 2.1 yields that the
perturbed FRDE (1.1) has a solution on J.
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