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Abstract

In this paper, we introduce a new class of µ-Gsp-open sets in the grill generalized topological
space (X,µ,G). Also, we define (µ-Gsp, ν-pre)-continuous and µ-Gsp-open(closed) functions
and study some of their basic properties. In addition, we obtain a (µ-G, ν-G′)sp-continuous
function and analyze the essential theorems through this function.
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1 Introduction and preliminaries

Levine[17] introduced semiopen sets, semi continuity in topological spaces and he identified that
the collection of semiopen sets is finer than topology. Biswas[4] analyzed the characterizations
of semicontinuous functions and Crossley et al.[9, 10] discussed the concept of semiclosure in the
semitopological properties. Mashhour et al.[21] introduced the concepts of preopen set, pre-interior
and pre-closure in a topological spaces. Csaszar [11, 12, 13, 14] introduced the concept of gener-
alized topology and he obtained the concepts of µ-open sets, µ-ξ-open sets (where ”ξ” stands for
α, semi, pre and β). Further he defined the operators µ-interior (resp. µ-ξ-interior) iµ(A) (resp.
iξµ(A) = ∪{U : U ∈ µ (resp. µξO(X) and U ⊆ A} and µ-closure (resp. µ-ξ-closure) cµ(A) (resp.
cξµ(A) = ∩{F : X − F ∈ µ (resp. µξO(X) and A ⊆ F}, for a subset A of X, A is µ-semiopen
(resp. µ-preopen, µ-α-open, µ-β-open) if A ⊆ cµ(iµ(A)) (resp. A ⊆ iµ(cµ(A)), A ⊆ iµ(cµ(iµ(A))),
A ⊆ cµ(iµ(cµ(A)))) and initiated generalized continuity such as (µ, ν)-continuous (resp. (µ-ξ,
ν)-continuous, (µ, ν)-ξ-continuous) if the inverse image of every ν-open (resp. ν-open, ν-ξ-open)
set is µ-open (resp. µ-ξ-open, µ-ξ-open) and studied their essential relationships between the
functions through the notions of µ-open sets and µ-ξ-open sets in generalized topological spaces.
Saravanakumar et al.[26, 28, 29, 30, 33] initiated µ̃-open sets µ̃-separation axioms, operation gen-
eralized sets and generalized topological continuities etc.

Choquet[8] introduced the concept of grill on a topological space and the idea of grills has shown
to be a essential tool for studying some topological concepts. A non-null collection G of subsets of
a topological space (X, τ) is called a grill on X if (i) ∅ ̸∈ G, (ii) A ∈ G and A ⊆ B implies that
B ∈ G, (iii) A,B ⊆ X and A ∪ B ∈ G implies that A ∈ G or B ∈ G. A triple (X, τ,G) is called a
grill topological space.

Modak[22] extended the concept of grill ideas in generalized topological spaces and he defined
the mappings Φµ and cΦµ and introduced a Φµ-generalized structure with respect to µ and grill
in generalized topological spaces. For any point x ∈ X, µ(x) denotes the collection of all µ-open
neighborhoods of x. A mapping Φµ : P (X) → P (X) is defined by Φµ(A) = {x ∈ X : A∩U ∈ G for
all U ∈ µ(x)} for all A ∈ P (X). A mapping cΦµ : P (X) → P (X) is defined by cΦµ(A) = A∪Φµ(A)
for all A ∈ P (X). For A,B ⊆ X, the mapping cΦµ satisfies (i) cΦµ(∅) = ∅ and cΦµ(X) = X, (ii) if
A ⊆ B, then cΦµ(A) ⊆ cΦµ(B), (iii) cΦµ(cΦµ(A)) = cΦµ(A) and (iv) cΦµ(A)∪cΦµ(B) ⊆ cΦµ(A∪B).
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Corresponding to a grill G on a generalized topological space (X,µ), there exists a Φµ-generalized
structure on X given by µΦ(µ;G) = {U ⊆ X : cΦµ(X − U) = X − U}, where for any A ⊆ X,
cΦµ(A) = A ∪ Φµ(A).

Saravanakumar et al.[27] discussed the concept of decomposition of continuity in grill general-
ized topological spaces and defined some grill open sets. A subset A in X is said to be (i) Φµ-open
if A ⊆ iµ(Φµ(A)), (ii) µ-G-α-open if A ⊆ iµ(c

Φµ(iµ(A))), (iii) µ-G-preopen if A ⊆ iµ(c
Φµ(A)), (iv)

µ-G-semiopen if A ⊆ cΦµ(iµ(A)), (v) µ-G-β-open if A ⊆ cµ(iµ(c
Φµ(A))). A subset A of X is called

Φµ-closed (resp. µ-G-α-closed, µ-G-preclosed, µ-G-semiclosed, µ-G-β-closed) if its complement
X −A is Φµ-open (resp. µ-G-α-open, µ-G-preopen, µ-G-semiopen, µ-G-β-open). The family of all
Φµ-open (resp. µ-G-α-open, µ-G-preopen, µ-G-semiopen, µ-G-β-open) sets is denoted by ΦµO(X)
(resp. µ-GαO(X), µ-GPO(X), µ-µ-GSO(X), µ-GβO(X)). A function f : (X,µ,G) → (Y, ν) is said
to be (µ-G-semi, ν)-continuous if f−1(V ) ∈ µ-GSO(X) for each V ∈ ν.

In this paper, we define the concept of µ-Gsp-open set in a grill generalized topological space
(X,µ,G). Also, we introduce µ-Gsp-interior and µ-Gsp-closure and we study some of their basic
properties. Further, we define (µ-Gsp, ν-pre)-continuous, (µ-pre, ν-Gsp)-open (resp. closed) and
(µ-GS∗, ν-pre)-continuous functions in a grill generalized topological space (X,µ,G) and we inves-
tigate some of their fundamental properties. Moreover, we introduce a (µ-G, ν-G′)sp-continuous
function and we show that every (µ-G, ν-G′)sp-continuous function is (µ-Gsp, ν-pre)-continuous,
but the converse need not to be true.

Proposition 1.1.[22] Let (X,µ,G) be a grill generalized topological space. Then for all A,B ⊆ X :
(i) A ⊆ B implies that Φµ(A) ⊆ Φµ(B),
(ii) Φµ(A ∪B) = Φµ(A) ∪ Φµ(B),
(iii) Φµ(Φµ(A)) ⊆ Φµ(A) = cl(Φµ(A)) ⊆ cl(A).

Theorem 1.2.[22] Let (X,µ,G) be a grill generalized topological space. Then (i) Φµ(∅) = ∅,
(ii) for A,B ⊆ X and A ⊆ B, Φµ(A) ⊆ Φµ(B),
(iii) Φµ(A) ⊆ cµ(A),
(iv) Φµ(Φµ(A)) ⊆ cµ(A),
(v) Φµ(A) is a µ-closed set,
(vi) Φµ(Φµ(A)) ⊆ Φµ(A),
(vii) for G ⊆ G′ implies Φµ(A(G′,µ) ⊇ Φµ(A(G,µ),
(viii) for U ∈ µ, U ∩ Φµ(U ∩A) ⊆ U ∩ Φµ(A),
(ix) for G ̸∈ G, Φµ(A−G) = Φµ(A)) = Φµ(A ∪G)).

2 µ-Gsp-open sets

Definition 2.1. Let (X,µ,G) be a grill generalized topological space and let A be a subset of
X. Then A is said to be µ-Gsp-open if and only if there exists a set U ∈ µPO(X) such that
U ⊆ A ⊆ cΦµ(U). A set A of X is µ-Gsp-closed if its complement X−A is µ-Gsp-open. The family
of all µ-Gsp-open (resp. µ-Gsp-closed) sets is denoted by µ-GspO(X) (resp. µ-GspC(X)).

Example 2.1. Let X = {a, b, c, d}, µ = {∅, X, {b}, {a, c}, {b, c}, {a, b, c}, {a, b, d}} and G = P (X)−
{∅, {c}}. Then µ-GspO(X) = {∅, X, {b}, {a, b}, {a, c}, {b, c}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}}.

Theorem 2.1. Let (X,µ,G) be a grill generalized topological space and A ⊆ X. Then A ∈ µ-
GspO(X) if and only if A ⊆ cΦµ(ipµ(A)).

Proof. If A ∈ µ-GspO(X), then there exists a U ∈ µPO(X) such that U ⊆ A ⊆ cΦµ(U). But
U ⊆ A implies that U ⊆ ipµ(A). Hence cΦµ(U) ⊆ cΦµ(ipµ(A)). Therefore A ⊆ cΦµ(ipµ(A)).
Conversely, let A ⊆ cΦµ(ipµ(A)). To prove that A ∈ µ-GspO(X), take U = ipµ(A), then
U ⊆ A ⊆ cΦµ(U). Hence A ∈ µ-GspO(X).

Corollary 2.1. If A ⊆ X, then A ∈ µ-GspO(X) if and only if cΦµ(A) = cΦµ(ipµ(A)).
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Proof. LetA ∈ µ-GspO(X). Then as cΦµ is monotonic and idempotent, cΦµ(A) ⊆ cΦµ(cΦµ(ipµ(A))) =
cΦµ(ipµ(A)) ⊆ cΦµ(A) implies that cΦµ(A) = cΦµ(ipµ(A)). The converse is trivial.

Corollary 2.2. If A ⊆ X, then cΦµ(ipµ(A)) ∈ µ-GspO(X).

Proof. Clearly cΦµ(ipµ(A)) = cΦµ(ipµ(ipµ(A)) ⊆ cΦµ(ipµ(c
Φµ(ipµ(A)))). Then by Theorem 2.1,

cΦµ(ipµ(A)) ∈ µ-GspO(X).

Theorem 2.2. Let (X,µ,G) be a grill generalized topological space. If A ∈ µ-GspO(X) and
B ⊆ X such that A ⊆ B ⊆ cΦµ(ipµ(A)), then B ∈ µ-GspO(X).

Proof. Given A ∈ µ-GspO(X). Then by Theorem 2.1, A ⊆ cΦµ(ipµ(A)). But A ⊆ B implies that
ipµ(A) ⊆ ipµ(B), hence cΦµ(ipµ(A)) ⊆ cΦµ(ipµ(B)). Therefore B ⊆ cΦµ(ipµ(A)) ⊆ cΦµ(ipµ(B)).
Hence by Theorem 2.1, B ∈ µ-GspO(X).

Corollary 2.3. If A ∈ µ-GspO(X) and B ⊆ X such that A ⊆ B ⊆ cΦµ(A), then B ∈ µ-GspO(X).

Proof. Follows from the Theorem 2.2 and Corollary 2.1.

Proposition 2.1. If U ∈ µPO(X), then U ∈ µ-GspO(X).

Proof. Let U ∈ µPO(X), it implies that U = ipµ
(A) ⊆ cΦµ(U). Hence U ∈ µ-GspO(X).

Note that the converse of the above Proposition need not be true. By Example 2.1, we have that
µPO(X) = {∅, X, {b}, {a, b}, {a, c}, {b, c}, {a, b, c}, {a, b, d}, {b, c, d}}. Then {b, d} ∈ µ-GspO(X),
but {b, d} ̸∈ µPO(X).

Theorem 2.3. Let (X,µ,G) be a grill generalized topological space. If A ∈ µ-GSO(X), then
A ∈ µ-GspO(X).

Proof. Given A ∈ µ-GSO(X). Then A ⊆ cΦµ(iµ(A)). Since iµ(A) ⊆ ipµ(A), we have that
cΦµ(iµ(A)) ⊆ cΦµ(ipµ(A)) (by Theorem 3.2[22]). Hence A ⊆ cΦµ(ipµ(A)) and thus A ∈ µ-GspO(X).

Note that the converse of the above theorem need not be true. By Example 2.1, we have that
µ-GSO(X) = {∅, X, {b}, {a, c}, {b, c}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}}. Then {a, b} ∈ µ-
GspO(X), but {a, b} ̸∈ µ-GSO(X).

Theorem 2.4. Let (X,µ,G) be a grill generalized topological space. If µPO(X) = µ, then µ-
GspO(X) = µ-GSO(X).

Proof. By Theorem 2.3, we have that µ-GSO(X) ⊆ µ-GspO(X). Let A ∈ µ-GspO(X). Then by
Theorem 2.1, A ⊆ cΦµ(ipµ(A)). Since µPO(X) = µ, we have that ipµ(A) = iµ(A) implies that
A ⊆ cΦµ(ipµ(A)) = cΦµ(iµ(A)) and hence A ∈ µ-GSO(X). Thus µ-GspO(X) ⊆ µ-GSO(X).

Theorem 2.5. Let (X,µ,G) be a grill generalized topological space. Then the following conditions
are hold good: (i) for each α ∈ J , Aα ∈ µ-GspO(X), then

∪
α∈J Aα ∈ µ-GspO(X),

(ii) if A ∈ µ-GspO(X) and U ∈ µPO(X), then A ∩ U ∈ µ-GspO(X).

Proof. (i) Suppose Aα ∈ µ-GspO(X), for each α ∈ J . Then Aα ⊆ cΦµ(ipµ(Aα)), for each α ∈ J ,
implies that

∪
α∈J Aα ⊆

∪
α∈J cΦµ(ipµ(Aα)) ⊆ cΦµ(ipµ(

∪
α∈J Aα)). Therefore

∪
α∈J Aα ∈ µ-

GspO(X).

(ii) Let A ∈ µ-GspO(X) and U ∈ µPO(X). Then A ⊆ cΦµ(ipµ
(A)). Now, A ∩ U ⊆ cΦµ(ipµ

(A)) ∩
U = (ipµ(A) ∪Φµ(ipµ(A))) ∩ U = (ipµ(A) ∩ U) ∪ (Φµ(ipµ(A)) ∩ U) ⊆ ipµ(A ∩ U) ∪Φµ(ipµ(A) ∩ U)
(by Theorem 1.2) = ipµ(A∩U)∪Φµ(ipµ(A∩U)) = cΦµ(ipµ(A∩U)). Therefore A∩U ∈ µ-GspO(X).
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Remark 2.1. The following example shows that if A,B ∈ µ-GspO(X), then A∩B ̸∈ µ-GspO(X).

From Example 2.1, take A = {a, b}, B = {a, c}. Then A,B ∈ µ-GspO(X), but A ∩B = {a} ̸∈ µ-
GspO(X).

Theorem 2.6. Let (X,µ,G) be a grill generalized topological space and A ⊆ X. If A ∈ µ-
GspC(X), then ipµ(c

Φµ(A)) ⊆ A.

Proof. Suppose A ∈ µ-GspC(X). ThenX−A ∈ µ-GspO(X) and henceX−A ⊆ cΦµ(ipµ(X−A)) ⊆
cpµ(ipµ(X −A)) = X − ipµ(cpµ(A)) ⊆ X − ipµc

Φµ(A)), implies that ipµ(c
Φµ(A)) ⊆ A.

Remark 2.2. For A ⊆ X, the following example shows that (i) if ipµ(c
Φµ(A)) ⊆ A, then A ̸∈ µ-

GspC(X); (ii) ipµ(c
Φµ(A)) ̸∈ µ-GspC(X).

(i) Take A = {b, c, d} in Example 2.1, then ipµ(c
Φµ({b, c, d})) = {b, c, d} ⊆ {b, c, d}. Therefore

ipµ(c
Φµ(A)) ⊆ A, but A ̸∈ µ-GspC(X).

(ii) From (i), ipµ(c
Φµ({b, c, d})) = {b, c, d} ̸∈ µ-GspC(X). Thus ipµ(c

Φµ(A)) ̸∈ µ-GspC(X).

Theorem 2.7. Let (X,µ,G) be a grill generalized topological space and A ⊆ X such that
X − ipµ(c

Φµ(A)) = cΦµ(ipµ(X −A)). Then the following conditions are hold good:
(i) A ∈ µ-GspC(X) if and only if ipµ(c

Φµ(A)) ⊆ A,
(ii) ipµ

(cΦµ(A)) ∈ µ-GspC(X).

Proof. (i) Necessary part is proved by Theorem 2.6. Conversely, suppose that ipµ
(cΦµ(A)) ⊆ A.

Then X − A ⊆ X − ipµ(c
Φµ(A)) = cΦµ(ipµ(X − A)), implies that X − A ∈ µ-GspO(X). Hence

A ∈ µ-GspC(X).

(ii) Follows from (i).

Theorem 2.8. Let (X,µ,G) be a grill generalized topological space. If Aα ∈ µ-GspC(X) for each
α ∈ J , then

∩
α∈J Aα ∈ µ-GspC(X).

Proof. LetAα ∈ µ-GspC(X). ThenX−Aα ∈ µ-GspO(X). By Theorem 2.5(i),
∪

α∈J(X−Aα) ∈ µ-
GspO(X). This implies that

∪
α∈J (X−Aα) = X−

∩
α∈J Aα ∈ µ-GspO(X) and hence

∩
α∈J Aα ∈ µ-

GspC(X).

Definition 2.2. Let (X,µ,G) be a grill generalized topological space and A ⊆ X. Then
(i) µ-Gsp-interior of A is defined as union of all µ-Gsp-open sets contained in A. Thus µ-Gspint(A)
= ∪{U : U ∈ µ-GspO(X) and U ⊆ A},
(ii) µ-Gsp-closure of A is defined as intersection of all µ-Gsp-closed sets containing A. Thus µ-
Gspcl(A) = ∩{F : X − F ∈ µ-GspO(X) and A ⊆ F}.

Theorem 2.9. Let (X,µ,G) be a grill generalized topological space and A ⊆ X. Then the follow-
ing conditions are hold good:
(i) µ-Gspint(A) is a µ-Gsp-open set contained in A,
(ii) µ-Gspcl(A) is a µ-Gsp-closed set containing A,
(iii) A is µ-Gsp-closed if and only if µ-Gspcl(A) = A,
(iv) A is µ-Gsp-open if and only if µ-Gspint(A) = A,
(v) µ-Gspint(µ-Gspint(A)) = µ-Gspint(A),
(vi) µ-Gspcl(µ-Gspcl(A)) = µ-Gspcl(A),
(vii) µ-Gspint(A) = X − µ-Gspcl(X −A),
(viii) µ-Gspcl(A) = X − µ-Gspint(X −A).

Proof. (i) Follows from the Definition 2.2(i) and Theorem 2.5(i)
(ii) Follows from the Definition 2.2(ii) and Theorem 2.8.
(iii) Follows from the condition (ii) and Definition 2.2(ii).
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(iv) Follows from the condition (i) and Definition 2.2(i).
(v) Follows from the conditions (i) and (iv).
(vi) Follows from the conditions (ii) and (iii).
(vii) and (viii) Follows from the Definitions 2.1 and 2.2(i),(ii).

Theorem 2.10. Let (X,µ,G) be a grill generalized topological space and A,B ⊆ X. Then the
following conditions are hold good:
(i) if A ⊆ B, then µ-Gspint(A) ⊆ µ-Gspint(B),
(ii) if A ⊆ B, then µ-Gspcl(A) ⊆ µ-Gspcl(B),
(iii) µ-Gspint(A ∪B) ⊇ µ-Gspint(A) ∪ µ-Gspint(B),
(iv) µ-Gspcl(A ∩B) ⊆ µ-Gspcl(A) ∩ µ-Gspcl(B),
(v) µ-Gspint(A ∩B) ⊆ µ-Gspint(A) ∩ µ-Gspint(B),
(vi) µ-Gspcl(A ∪B) ⊇ µ-Gspcl(A) ∪ µ-Gspcl(B).

Proof. (i) and (ii) Follows from the Definitions 2.2(i) and 2.2(ii) respectively.
(iii) and (iv) Follows from the condition (i), Theorem 2.5(i) and the condition (ii), Theorem 2.8
respectively.
(v) and (vi) Follows from the conditions (i) and (ii) respectively.

Theorem 2.11. Let (X,µ,G) be a grill generalized topological space and A ⊆ X. Then the
following conditions are hold good:
(i) if cΦµ(ipµ(A)) ⊆ A, then cΦµ(ipµ(A)) ⊆ µ-Gspint(A),
(ii) if A ⊆ X and X − ipµ

(cΦµ(A)) = cΦµ(ipµ
(X −A)), then µ-Gspcl(A) ⊆ ipµ

(cΦµ(A)).

Proof. (i) Since µ-Gspint(A) is the greatest µ-Gsp-open set containing A and Corollary 2.2 shows
that cΦµ(ipµ(A)) ∈ µ-GspO(X). Therefore cΦµ(ipµ(A)) ⊆ µ-Gspint(A).

(ii) Since µ-Gspcl(A) is the least µ-Gsp-closed set containing A and Theorem 2.7(ii) shows that
ipµ(c

Φµ(A)) ∈ µ-GspC(X). Therefore µ-Gspcl(A) ⊆ ipµ(c
Φµ(A)).

Definition 2.3. Let (X,µ,G) be a grill generalized topological space and (Y, ν) a generalized
topological space. A function f : (X,µ,G) → (Y, ν) is said to be (µ-Gsp, ν-pre)-continuous if
f−1(V ) ∈ µ-GspO(X) for each V ∈ νPO(Y ).

Example 2.2. Let X = {a, b, c, d}, Y = {1, 2, 3, 4}, µ = {∅, X, {b}, {a, c}, {b, c}, {a, b, c}, {a, b, d}},
ν = {∅, {1}, {2}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}} and G = P (X) − {∅, {c}}. Then µ-GspO(X) =
{∅, X, {b}, {a, b}, {a, c}, {b, c}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}} and V ∈ νPO(Y ) = {∅, {1},
{2}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}. Define f : (X,µ,G) → (Y, ν) by f(a) = 1, f(b) = 2, f(c) = 4,
and f(d) = 3. Then inverse image of every ν-preopen sets in Y is µ-Gsp-open in X. Hence f is
(µ-Gsp, ν-pre)-continuous.

Remark 2.3. The concepts of (µ-G-semi, ν)-continuous and (µ-Gsp, ν-pre)-continuous are inde-
pendent.

(i) From Example 2.2, we have that µ-GSO(X) = {∅, X, {b}, {a, c}, {b, c}, {b, d}, {a, b, c}, {a, b, d},
{a, c, d}, {b, c, d}} and the function f is (µ-Gsp, ν-pre)-continuous. Also f−1({1, 2}) = {a, b} is not
µ-G-semiopen in X for the ν-open set {1, 2} of Y . Hence f is not (µ-G-semi, ν)-continuous.

(ii) Let X = {a, b, c, d}, Y = {1, 2, 3, 4}, µ = {∅, X, {b}, {a, c}, {b, c}, {a, b, c}, {a, b, d}}, ν =
{∅, Y, {1, 2, 3}, {1, 2, 4}} and G = P (X)−{∅, {c}}. Then µ-GspO(X) = {∅, X, {b}, {a, b}, {a, c}, {b, c},
{b, d}, {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d}} and νPO(Y ) = {∅, Y, {1}, {2}, {1, 2}, {1, 3}, {1, 4}, {2, 3},
{2, 4}, {3, 4}, {1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}}. Define f : (X,µ,G) → (Y, ν) by f(a) = 3, f(b) =
2, f(c) = 4, and f(d) = 1. Then the function f is (µ-G-semi, ν)-continuous. Also the inverse image
f−1({1}) = {d} is not µ-Gsp-open in X for the ν-preopen set {1} of Y . Hence f is not (µ-Gsp,
ν-pre)-continuous.

From (i) and (ii), we got the concepts of (µ-G-semi, ν)-continuous and (µ-Gsp, ν-pre)-continuous
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are independent.

Theorem 2.12. Let (X,µ,G) be a grill generalized topological space and (Y, ν) a generalized
topological space. For a function f : (X,µ,G) → (Y, σ), the following statements are equivalent:
(i) f is (µ-Gsp, ν-pre)-continuous,
(ii) for each F ∈ νPC(Y ), f−1(F ) ∈ µ-GspC(X),
(iii) for each x ∈ X and each V ∈ νPO(Y ) containing f(x), there exists a set U ∈ µ-GspO(X)
containing x such that f(U) ⊆ V .

Proof. (i) ⇔ (ii). It is obvious.

(i) ⇒ (iii). Let V ∈ νPO(Y ) and f(x) ∈ V (x ∈ X). Then by (i), f−1(V ) ∈ µ-GspO(X) containing
x. Taking f−1(V ) = U , we have that x ∈ U and f(U) ⊆ V .

(iii) ⇒ (i). Let V ∈ νPO(Y ) and x ∈ f−1(V ). Then f(x) ∈ V ∈ νPO(Y ) and hence by
(iii), there exists a set U ∈ µ-GspO(X) containing x such that f(U) ⊆ V . Now x ∈ U ⊆
cΦµ(ipµ(U)) ⊆ cΦµ(ipµ(f

−1(V ))). This shows that f−1(V ) ⊆ cΦµ(ipµ(f
−1(V ))). Thus f is (µ-Gsp,

ν-pre)-continuous.

Theorem 2.13. Let (X,µ,G) be a grill generalized topological space and (Y, ν) a generalized
topological space. A function f : (X,µ,G) → (Y, ν) is (µ-Gsp, ν-pre)-continuous if and only if the
graph function g : X → X × Y , defined by g(x) = (x, f(x)) for each x ∈ X, is (µ-Gsp, ν-pre)-
continuous.

Proof. Suppose that f is (µ-Gsp, ν-pre)-continuous. Let x ∈ X and W ∈ (µ, ν)-PO(X × Y )
containing g(x). Then there exists a U ∈ µPO(X) and V ∈ νPO(Y ) such that g(x) = (x, f(x)) ∈
U × V ⊆ W . Since f is (µ-Gsp, ν-pre)-continuous, there exists a G ∈ µ-GspO(X) containing x
such that f(G) ⊆ V . By Theorem 2.4(ii), G ∩U ∈ µ-GspO(X) and g(G ∩U) ⊆ U × V ⊆ W . This
shows that g is (µ-Gsp, ν-pre)-continuous. Conversely, suppose that g is (µ-Gsp, ν-pre)-continuous.
Let x ∈ X and V ∈ νPO(Y ) containing f(x). Then X × V ∈ (µ, ν)-PO(X × Y ) and by (µ-Gsp,
ν-pre)-continuity of g, there exists a U ∈ µ-GspO(X) containing x such that g(U) ⊆ X × V . Thus
we have that f(U) ⊆ V and hence f is (µ-Gsp, ν-pre)-continuous.

Definition 2.4. Let (X,µ) be a generalized topological space and (Y, ν,G) a grill generalized
topological space. A function f : (X,µ) → (Y, ν,G) is said to be (µ-pre, ν-Gsp)-open (resp. (µ-pre,
ν-Gsp)-closed) if for each U ∈ µPO(X) (resp. for each U ∈ µPC(X), f(U) is ν-Gsp-open (resp.
ν-Gsp-closed) in (Y, ν,G).

Theorem 2.14. Let (X,µ) be a generalized topological space and (Y, ν,G) a grill generalized topo-
logical space. A function f : (X,µ) → (Y, ν,G) is (µ-pre, ν-Gsp)-open if and only if for each x ∈ X
and each µ-preneighborhood U of x, there exists a V ∈ ν-GspO(Y ) such that f(x) ∈ V ⊆ f(U).

Proof. Suppose that f is a (µ-pre, ν-Gsp)-open function and let x ∈ X. Also let U be any
µ-preneighborhood of x. Then there exists G ∈ µPO(X) such that x ∈ G ⊆ U . Since f is
(µ-pre, ν-Gsp)-open, f(G) = V (say) ∈ ν-GspO(Y ) and f(x) ∈ V ⊆ f(U). Conversely, sup-
pose that U ∈ µPO(X). Then for each x ∈ U , there exists a set Vx ∈ ν-GspO(Y ) such that
f(x) ∈ Vx ⊆ f(U). Thus f(U) =

∪
{Vx : x ∈ U} and hence by Theorem 2.5(i), f(U) ∈ ν-GspO(Y ).

This shows that f is (µ-pre, ν-Gsp)-open.

Theorem 2.15. Let (X,µ) be a generalized topological space, (Y, ν,G) a grill generalized topo-
logical space and let f : (X,µ) → (Y, ν,G) be a (µ-pre, ν-Gsp)-open function. If V ⊆ Y and
F ∈ µPC(X) containing f−1(V ), then there exists a set H ∈ µ-GspO(Y ) containing V such that
f−1(H) ⊆ F .

Proof. Suppose that f is (µ-pre, ν-Gsp)-open. Let V ⊆ Y and F ∈ µPC(X) containing f−1(V ).
Then X − F ∈ µPO(X) and by (µ-pre, ν-Gsp)-openness of f , f(X − F ) ∈ µ-GspO(Y ). Thus
H = Y − f(X − F ) ∈ µ-GspC(Y ) consequently f−1(V ) ⊆ F implies that V ⊆ H. Further, we
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obtain that f−1(H) ⊆ F .

Theorem 2.16 Let (X,µ) be a generalized topological space and (Y, ν,G) a grill generalized topo-
logical space. For any bijection f : (X,µ) → (Y, ν,G) the following statements are equivalent:
(i) f−1 : (Y, ν,G) → (X,µ) is (ν-Gsp, µ-pre)-continuous,
(ii) f is (µ-pre, ν-Gsp)-open,
(iii) f is (µ-pre, ν-Gsp)-closed.

Proof. It is obvious.

Definition 2.5. Let (X,µ,G) be a grill generalized topological space and a subset A of X is said
to be a µ-GS∗-set if A = U ∩ V , where U ∈ µPO(X), V ⊆ X and cΦµ(ipµ(V )) = ipµ(V ).

Theorem 2.17. Let (X,µ,G) be a grill topological space and let A ⊆ X. Then A ∈ µPO(X) if
and only if A ∈ µ-GspO(X) and A is a µ-GS∗-set in (X,µ,G).

Proof. Let A ∈ µPO(X). Then A ∈ µ-GspO(X), implies that A ⊆ cΦµ(ipµ(A)). Also A can be
expressed as A = A ∩X, where A ∈ µPO(X) and cΦµ(ipµ(X)) = ipµ(X). Thus A is a µ-GS∗-set.
Conversely, let A ∈ µ-GspO(X) and A be a µ-GS∗-set. Thus A ⊆ cΦµ(ipµ(A)) = cΦµ(ipµ(U ∩ V )),
where U ∈ µPO(X) and cΦµ(ipµ(V )) = ipµ(V ). Now A ⊆ U ∩ A ⊆ U ∩ cΦµ(ipµ(U ∩ V )) =
U ∩ cΦµ(U ∩ ipµ(V )) ⊆ U ∩ cΦµ(U) ∩ cΦµ(ipµ(V )) = U ∩ ipµ(V ) = ipµ(A). Hence A ∈ µPO(X).

Definition 2.6. Let (X,µ,G) be a grill generalized topological space and (Y, ν) a generalized
topological space. A function f : (X,µ,G) → (Y, ν) is (µ-GS∗, ν-pre)-continuous if for each
V ∈ νPO(Y ), f−1(V ) is a µ-GS∗-set in (X,µ,G).

Theorem 2.18. Let (X,µ,G) be a grill generalized topological space and (Y, ν) a generalized
topological space. Then for a function f : (X,µ,G) → (Y, ν), the following statements are equiva-
lent:
(i) f is (µ, ν)-precontinuous,
(ii) f is (µ-Gsp, ν-pre)-continuous and (µ-GS∗, ν-pre)-continuous.

Proof. It is obvious.

Definition 2.7. Let (X,µ,G) and (Y, ν,G′) be two grill generalized topological spaces. A function
f : (X,µ,G) → (Y, ν,G′) is said to be (µ-G, ν-G′)sp-continuous if f

−1(V ) ∈ µ-GspO(X) whenever
V ∈ ν-G′spO(Y ).

Note that, in the Example 2.2, consider G′ = P (Y ) − {∅, {1}, {2}, {1, 2}}. Then ν-G′spO(Y )
= νPO(Y ). Hence the function f is (µ-G, ν-G′)sp-continuous.

Remark 2.4. Every (µ-G, ν-G′)sp-continuous function is (µ-Gsp, ν-pre)-continuous, but the con-
verse need not be true.

Let X = {a, b, c, d}, Y = {1, 2, 3, 4}, µ = {∅, X, {b}, {a, c}, {b, c}, {a, b, c}, {a, b, d}}, ν = {∅, Y, {2},
{1, 3}, {2, 3}, {1, 2, 3}, {1, 2, 4}}, G = P (X)−{∅, {a}, {b}, {a, b}} and G′ = P (Y )−{∅, {3}}. Then µ-
GspO(X) = {∅, X, {b}, {a, b}, {a, c}, {b, c}, {a, b, c}, {a, b, d}, {b, c, d}}, νPO(Y ) = {∅, Y, {2}, {1, 2},
{1, 3}, {2, 3}, {1, 2, 3}, {1, 2, 4}, {2, 3, 4}} and ν-G′spO(Y ) = {∅, Y, {2}, {1, 2}, {1, 3}, {2, 3}, {2, 4},
{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}}. Define f : (X,µ,G) → (Y, ν,G′) by f(a) = 3, f(b) = 2, f(c) =
1, and f(d) = 4. Then the function f is (µ-Gsp, ν-pre)-continuous. Also the inverse image
f−1({2, 4}) = {b, d} is not µ-Gsp-open in X for the ν-G′sp-open set {2, 4} of Y . Hence f is not
(µ-G, ν-G′)sp-continuous.

Definition 2.8. (i) Let (X,µ,G) be a grill generalized topological space and a subset A of X is
said to be a µ-Gsp-neighborhood of a point x ∈ X if there exists a set U ∈ µ-GspO(X) such that
x ∈ U ⊆ A.
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Note that µ-Gsp-neighborhood of x may be replaced by µ-Gsp-open neighborhood of x.

(ii) Let (X,µ,G) be a grill generalized topological space. A ⊆ X and p ∈ X. Then p is called a
µ-Gsp-limit point of A if U ∩ (A− {p}) ̸= ∅, for any set U ∈ µ-GspO(X) containing p. The set of
all µ-Gsp-limit points of A is called a µ-Gsp-derived set of A and is denoted by µ-Gspd(A). Clearly
if A ⊆ B then µ-Gspd(A) ⊆ µ-Gspd(B).

Remark 2.5. From the Definition 2.8(ii), it follows that p is a µ-Gsp-limit point of A if and only
if p ∈ µ-Gspcl(A− {p}).

Theorem 2.19. Let (X,µ,G) be a grill generalized topological space. For any A,B ⊆ X, the
µ-Gsp-derived sets have the following properties:
(i) µ-Gspcl(A) ⊇ A ∪ µ-Gspd(A),
(ii) ∪iµ-Gspd(Ai) = µ-Gspd(∪iAi),
(iii) µ-Gspd(µ-Gspd(A)) ⊆ µ-Gspd(A),
(iv) µ-Gspcl(µ-Gspd(A)) = µ-Gspd(A)).

Proof. Follows from the Definition 2.8(ii) and Remark 2.5.

Theorem 2.20. Let (X,µ,G) and (Y, ν,G′) be two grill generalized topological spaces. If
f : (X,µ,G) → (Y, ν,G′) is a function, then the following statements are equivalent:
(i) f is (µ-G, ν-G′)sp-continuous,
(ii) for each x ∈ X, the inverse of every ν-G′sp-neighborhood of f(x) is a µ-Gsp-neighborhood of
x,
(iii) for each x ∈ X and each ν-G′sp-neighborhood B of f(x), there is a µ-Gsp-neighborhood A of
x such that f(A) ⊆ B,
(iv) for each x ∈ X and each set B ∈ ν-G′spO(Y ) contains f(x), there exists a set A ∈ µ-GspO(X)
containing x such that f(A) ⊆ B,
(v) f(µ-Gspcl(A)) ⊆ ν-G′spcl(f(A)) holds for every subset A of X,
(vi) for any set H ∈ ν-G′spC(Y ), f−1(H) ∈ µ-GspC(X).

Proof. (i) ⇒ (ii). Let x ∈ X and B be a ν-G′sp-neighborhood of f(x). By Definition 2.8(i), there
exists V ∈ ν-G′spO(Y ) such that f(x) ∈ V ⊆ B. This implies that x ∈ f−1(V ) ⊆ f−1(B). Since f
is (µ-G, ν-G′)sp-continuous, so f−1(V ) ∈ µ-GspO(X). Hence f−1(B) is a µ-Gsp-neighborhood of x.

(ii) ⇒ (i). Let B ∈ ν-G′spO(Y ). Put A = f−1(B). Let x ∈ A. Then f(x) ∈ B. Clearly, B (being
ν-G′sp-open) is a ν-G′sp-neighborhood of f(x). By (ii), A = f−1(B) is a µ-Gsp-neighborhood of x.
Hence by Definition 2.8(i), there exists Ax ∈ µ-GspO(X) such that x ∈ Ax ⊆ A. This implies that
A = ∪x∈AAx. By Theorem 2.5(i), we have that A ∈ µ-GspO(X). Therefore f is (µ-G, ν-G′)sp-
continuous.

(i) ⇒ (iii). Let x ∈ X and B be a ν-G′sp-neighborhood of f(x). Then, there exists Of(x) ∈ ν-
G′spO(Y ) such that f(x) ∈ Of(x) ⊆ B. It follows that x ∈ f−1(Of(x)) ⊆ f−1(B). By (i),
f−1(Of(x)) ∈ µ-GspO(X). Let A = f−1(B). Then it follows that A is µ-Gsp-neighborhood of x
and f(A) = f(f−1(B)) ⊆ B.

(iii) ⇒ (i). Let U ∈ ν-G′spO(Y ). Take W = f−1(U). Let x ∈ W . Then f(x) ∈ U . Thus U
is a ν-G′sp-neighborhood of f(x). By (iii), there exists a µ-Gsp-neighborhood Vx of x such that
f(Vx) ⊆ U . Thus it follows that x ∈ Vx ⊆ f−1(f(Vx)) ⊆ f−1(U) = W . Since Vx is a µ-Gsp-
neighborhood of x, which implies that there exists a Wx ∈ µ-GspO(X) such that x ∈ Wx ⊆ W .
This implies that W = ∪x∈WWx. By Theorem 2.5(i), W ∈ µ-GspO(X). Thus f is (µ-G, ν-G′)sp-
continuous.

(iii) ⇒ (iv). We may replace the µ-Gsp-neighborhood of x as µ-Gsp-open neighborhood of x
in condition (iii). Straightforward.

(iv) ⇒ (v). Let y ∈ f(µ-Gspcl(A)) and any set V ∈ ν-G′spO(Y ) containing y. Then, there
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exists a point x ∈ X and a set U ∈ µ-GspO(X) such that x ∈ U with f(x) = y and f(U) ⊆ V .
Since x ∈ µ-Gspcl(A), we have that U ∩A ̸= ∅ and hence ∅ ̸= f(U ∩A) ⊆ f(U)∩ f(A) ⊆ V ∩ f(A).
This implies that y ∈ ν-G′spcl(f(A)). Therefore, we have that f(µ-Gspcl(A)) ⊆ ν-G′spcl(f(A)).

(v)⇒ (vi). LetH ∈ ν-G′spC(Y ). Then ν-G′spcl(H) = H. By condition (v), f(µ-Gspcl(f−1(H))) ⊆
ν-G′spcl(f(f

−1(H))) ⊆ ν-G′spcl(H) = H holds. Therefore µ-Gspcl(f−1(H)) ⊆ f−1(H) and thus
f−1(H) = µ-Gspcl(f−1(H)). Hence f−1(H) ∈ µ-GspC(X).

(vi) ⇒ (i). Let B ∈ µ-GspO(X). We take H = Y − B. Then H ∈ ν-G′spC(Y ). By (iv),
f−1(H) ∈ µ-GspC(X). Hence f−1(B) = X − f−1(Y −B) = X − f−1(H) ∈ µ-GspO(X).

Theorem 2.21. Let (X,µ,G) and (Y, ν,G′) be two grill generalized topological spaces. If
f : (X,µ,G) → (Y, ν,G′) is a function, then f is (µ-G, ν-G′)sp-continuous if and only if f(µ-
Gspd(A)) ⊆ ν-G′spcl(f(A)), for all A ⊆ X.

Proof. Let f : (X,µ,G) → (Y, ν,G′) be (µ-G, ν-G′)sp-continuous, A ⊆ X and x ∈ µ-Gspd(A).
Assume that f(x) ̸∈ f(A) and let V denote a ν-G′sp-neighborhood of f(x). Since f is (µ-G, ν-
G′)sp-continuous and by Theorem 2.20(iii), there exists a µ-Gsp-neighborhood U of x such that
f(U) ⊆ V . From x ∈ µ-Gspd(A), it follows that U ∩ A ̸= ∅, there exists at least one element
a ∈ U ∩ A such that f(a) ∈ f(A) and f(a) ∈ V . Since f(x) ̸∈ f(A), we have that f(a) ̸= f(x).
Thus every ν-G′sp-neighborhood of f(x) contains an element f(a) of f(A) different from f(x).
Consequently, f(x) ∈ G′spd(f(A)). Conversely, suppose that f is not (µ-G, ν-G′)sp-continuous.
Then by Theorem 2.20(iii), there exists x ∈ X and a ν-G′sp-neighborhood V of f(x) such that
every µ-Gsp-neighborhood U of x contains at least one element a ∈ U for which f(a) ̸∈ V .
Put A = {a ∈ X : f(a) ̸∈ V }. Since f(x) ∈ V , therefore x ̸∈ A and hence f(x) ̸∈ f(A).
Since f(A) ∩ (V − {f(x)}) = ∅, therefore f(x) ̸∈ G′spd(f(A)). It follows that f(x) ∈ f(µ-
Gspd(A))− (f(A) ∪ G′spd(f(A))) ̸= ∅, which is a contradiction to the given condition.

Theorem 2.22. Let (X,µ,G) and (Y, ν,G′) be two grill generalized topological spaces. If
f : (X,µ,G) → (Y, ν,G′) is an injective function, then f is (µ-G, ν-G′)sp-continuous if and only if
f(µ-Gspd(A)) ⊆ G′spd(f(A)), for all A ⊆ X.

Proof. Let A ⊆ X, x ∈ µ-Gspd(A) and V be a ν-G′sp-neighborhood of f(x). Since f is (µ-
G, ν-G′)sp-continuous, so by Theorem 2.20(iii), there exists a µ-Gsp-neighborhood U of x such
that f(U) ⊆ V . But x ∈ µ-Gspd(A) gives there exists an element a ∈ U ∩ A such that a ̸= x.
Clearly f(a) ∈ f(A) and since f is injective, f(a) ̸= f(x). Thus every ν-G′sp-neighborhood V of
f(x) contains an element f(a) of f(A) different from f(x). Consequently, f(x) ∈ G′spd(f(A)).
Therefore, we have that f(µ-Gspd(A)) ⊆ G′spd(f(A)). Converse follows from the Theorem 2.21.
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