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ABSTRACT. In this paper, we present a general fixed-point theorem for Bj,-metric spaces,
which generalizes fixed-point results from S-metric spaces. As applications, we derive several
analogues of well-known fixed-point theorems in metric spaces, extending them to Bj-metric
spaces.
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1. Introduction and Preliminaries

The generalizations of the contraction principle in different directions as well as many new
fixed-point results with applications have been established by different researchers ([1], [2], [7],
[11), [13], [15], [17).

In [16], Ch. Srinivasa Rao, S. Ravi Kumar, and K.K.M. Sarma introduced the notion of a
B,,-metric space as follows.

DEFINITION 1.1. Let X be a non-empty set. A B, -metric on X is a function d : X x X — R
that satisfies the following conditions for all x,y, z € X:

(i) d(x,y) = 0if and only if x = y.

(ii) d(z,y) = d(y,z) (symmetry).
(iii) d(z, z) < bld(z,y) + d(y, )], for some b > 1 (generalized triangle inequality).

The pair (X, d) is called a Bj,-metric space.

This notion generalizes both b-metric spaces and S-metric spaces [14]. For the fixed-point
problem in generalized metric spaces, numerous results have been proved. See, for exam-
ple, [1]. [7], [9], [10], for example in [16], the authors proved some properties of B,-metric
spaces. Also, they proved Some fixed-point theorems for a self-map on an B,-metric space.

Now we recall some notions and lemmas that will be useful later.
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DEFINITION 1.2. | [16]] Let X be a nonempty set. A B,-metric on X is a function B, :
X™ — [0,00) such that there exists a real number A\ > 1 satisfying the following conditions for
all z1,29,..., 25,0 € X:

(B1) B,(x1,22,...,2,) =0if and only if 1 =23 = -+ = z,.
(B2) Bn(x1,22,...,24) = Bp(@n, Tp_1,...,21).
(B3) B, (z1,z2,...,2,) < )\[Bn(xl,xh cooyx1,a)+ By (e, xe, .. x0,a) 4 - By (Th, T,y - - 7:rn,a)] I
The pair (X, B,,) is called a B,,-metric space.
DEFINITION 1.3. | [16]] Let (X, B,,) be a B,-metric space. For r > 0, the open ball Bg(z,r)
and the closed ball Bg[z,r] with center x and radius r are defined as follows:
Bs(l"ﬂ") = {y €X: Bn(yai%%x) < T}a

Bslz,r] ={y € X : By(y,y,y,2) < r}.
The topology induced by the B, -metric is the topology generated by the base of all open balls
in X.

DEFINITION 1.4. | [16] Let (X, B,,) be a B,-metric space.

(1) A sequence {x,} C X converges to x € X if Byp(Tn,Zn,...,Zn, ) — 0 as n — oo.
That is, for each ¢ > 0, there exists ng € N such that for all n > ng, we have
By(Tp, Tny- ooy Ty, x) < €. We write x,, — x for brevity.

(2) A sequence {z,,} C X is a Cauchy sequence if B, (2, Ty, ..., Tn, Tm) = 0asn, m — oo.
That is, for each ¢ > 0, there exists ng € N such that for all n,m > ng, we have
Bo(Tn, Ty ey Ty Tip) < €.

(3) The B,-metric space (X, B,) is complete if every Cauchy sequence is convergent.

LEMMA 1.1. , [16] In a B,-metric space, we have:

B, (z1,21,...,21,22) = By(x9,x9,...,29,21), for all z1,z9 € X.
LEMMA 1.2. , [16] Let (X, B,,) be a By, -metric space. If x1, — x1, T2, — T2, ..., Tn_1, —
Tp_1, then:
By (21,,21,,22,,- -, Tn-1,) = Bp(x1,21,%2,...,2p_1).

EXAMPLE 1.1. Let R be the real line. Define:
B (x1,x0,...,xy) = |21 — Tp| + |22 —xp| + -+ |1 F 22+ F X1 — (0 — Day,
for all z1,29,...,2, € R. Then B, is a B,-metric on R. This B,-metric is called the usual

B,,-metric on R.

2. Main Results
First, we prove some properties of B,-metric spaces.
PROPOSITION 2.1. Let (X, B,) be a B,-metric space, and let
Bni(21,22,...,2n1) = Bu(21, 21,02, .., 2 1)+ B (21,02, 2, ..., 1)+ -+ Bp(21,22, .., Tn1,2n1) i
for all x1,z9,...,2,—1 € X. Then we have the following:
(1) Bp—1 is a By-metric on X.
(2) z, =z in (X, By) if and only if x,, = x in (X, Bp_1).

(3) {xn} is a Cauchy sequence in (X, By,) if and only if {z,} is a Cauchy sequence in
(X, Bn-1).

PROPOSITION 2.2. Let (X, By,) be a By-metric space. Then:

(1) X is first-countable.
(2) X is reqular.

REMARK 2.1. By Propositions 2.1 and 2.2, we have that every B,-metric space is topologi-
cally equivalent to a B,-metric space.
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COROLLARY 2.1. Let f : X =Y be a map from a B,-metric space X to a B,-metric space
Y. Then f is continuous at x € X if and only if f(x,) — f(x) whenever x,, — x.

THEOREM 2.1. Let T be a self-map on a complete By,-metric space (X, By), and let
Bn(Til,'th'l, e ,Txl,T$2) < M(Bn(.’tl,l'l, A ) fEQ), Bn(Txl,T:vl, . ,Til’l,l'l),

B, (Txy,Txy,...,Tx1,29), Bp(Txa, T2, ..., Txe,21), By(Txe, Txa,. .. ,TLL'27.T2))7
for all 1,29, ..., 2, € X and some M € M. Then:
(1) If M satisfies condition (C1), then T has a fized-point. Moreover, for any xo € X and

the fized-point x, we have

2k
(2) If M satisfies condition (C2) and T has a fized-point, then the fixed-point is unique.
(3) If M satisfies condition (C8) and T has a fized-point x, then T is continuous at x.

BTz, Txy, ..., Ty, x,) < B(zg,xo, ..., x0,Tx0).

COROLLARY 2.2. , [12] Let T be a self-map on a complete B,,-metric space (X, By,) and
B, (Tz,Tx,...,Tx,Ty) < LB,(z,x,...,z,y),

for some L € [0,1) and all x,y € X. Then T has a unique fized-point in X. Moreover, T is
continuous at the fixed-point.

PrOOF. The assertion follows using Theorem 2.6 with:
M(zy,za,...,2py1) = Lz,
for some L € [0,1) and all 1, z2,...,2p+1 € Ry, a
COROLLARY 2.3. Let T be a self-map on a complete By,-metric space (X, By,), and suppose:
By(Tz,Tx,..., Tz, Ty) < a(By(Tx,Tx,...,Tz,x) + By(Ty,Ty, ..., Ty,y)),

for some a € [0,1/2) and all x,y € X. Then T has a unique fized-point in X. Moreover, T is
continuous at the fized-point.

PrOOF. The assertion follows using Theorem 2.6 with:

M(z1,xa,...,Tpy1) = a(xo + Tpi1),

for some a € [0,1/2) and all 21,9, ...,2,41 € Ry.
Indeed, M is continuous.
**Condition (C1):** We have:

M(z1,21,...,0,...,¢p,Tpn_1) = alx1 + - + Tp—1).
Ity < M(xy,21,0,2p41, x,) with 2,41 < 221 + ,,, then:

<1

a a
y < ——x, where
1—-a 1—-a

Therefore, T satisfies condition (C1).
**Condition (C2):** If:

Tp < M(24,0,...,2,,2,,0,...) =0,

then x,, = 0. Thus, T satisfies condition (C2).
**Condition (C3):** If x; < y; + 2; for i < n+ 1, then:

M(zy,.. . Tpg1) = alza + -+ Tng1) < al(ya +22) + - + Wni1 + 2n11)],

=alya+22)+ -+ alynt1+ 2n+1) = M(Y1, .-, Yns1) + M (21, ..., Znt1).
Moreover:
M(0,0,...,0,y,2y) = a(0+ 2y) = 2ay, where 2a < 1.
Therefore, T satisfies condition (C3). O
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REMARK 2.2. Note that the coefficient &k in conditions (C1) and (C3) may be different,
for example, ki and ks respectively. However, we may assume that they are equal by setting
k = max{k, k3}.

ExaMpPLE 2.1. Let R be the usual B,-metric space as in Example 1.7, and define T" by:

1 .
T(x) =42 if x € [0,1),
i, if x =1.

Then T is a self-map on a complete B,-metric space [0,1] C R.
For all z € (3/4,1), we have:

11 1

and

Bn(x,ac,...,l):|x—1|+---+\x—1|=n|m—1|<§.

Thus, T does not satisfy the condition of Corollary 2.7.
Next, we have:

5

which shows that T satisfies the condition of Corollary 2.8. It is clear that x = % is the unique
fixed-point of T.

COROLLARY 2.4. Let T be a self-map on a complete B,-metric space (X, By,), and suppose:
B, (Tz,Tx,..., Tz, Ty) < h (B,(Tz,Tx,...,Tz,x) + B,(Ty, Ty, ..., Ty,y)),

for some h € [0,1) and all z,y € X. Then T has a unique fized-point in X. Moreover, if
h €1[0,1/2), then T is continuous at the fized-point.

PRrROOF. The assertion follows using Theorem 2.6 with:
M(z1,x9,...,Tpy1) = hmax(x,_o, Tpi1),

for some h € [0,1) and all z1,..., 2,41 € Ry.
Indeed, M is continuous. First, we have:

M(z1,21,...,0,...,2,,Tp—1) = hmax(z,y).
Ify < M(x1,21,0,..., 2, 2p—1) with z,, < 2z1 4+ 2,1, then:
y<hr or xp,_1<hr,_1.

Therefore, x,—1 < hay, and hence, T satisfies condition (C1).

Next, if y < M(y,0,y,y,0) = hmax(y,0) = hy, then y = 0 since h < 1/2. Therefore, T
satisfies condition (C2).

Finally, if x; < y; + z; for ¢ <n + 1, then:

M(zy,...,2n41) = @2, Tnp1) < h (Y2 + 22, Ynt1 + Znt1) < h (Y2, Unt1) + 7 (22, 2n41)

= M(yl; v ayn—',-l) +M(Zl, .. .,Zn+1),
Moreover, if h € [0,1/2), then 2h < 1 and:

where 2h < 1.
Therefore, T satisfies condition (C3). O
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EXAMPLE 2.2. Let R be the usual B,-metric space as in Example 1.7, and define T'(z) = &
for all x € [0,1]. We have:

Bn(Tx,Ta;...,Ta;,Ty):Bn(E,E,...,f,g):‘———‘ ‘,_£’+ ‘f—ﬂl
n’'n n’'n n o n
n—1

= |z =yl
Next, for the case where x = T'(z):
B, (Tz,Tx,...,Tx,z) = B, (E,E,...,E,x): E—x’—k‘f—x‘—&—
n’'n n n

Similarly, for y = T'(y):
yy Y n
Bn(TvayvaTyvy) = BTL (7a 77~~'7*7y) = 7‘y| = |y|
n'n n n
Thus, for all z,y € X:
n

Finally, we have:

n —

1
B(Tz,Tx, ..., Tz, Ty) = By(Tz,Tx,...,Tz,1) + B,(T0,T0,...,T0,0) =

n

This proves that T' does not satisfy the condition of Corollary 2.8. However, we do have that T’
satisfies the condition of Corollary 2.10 with h = ”T’l, and T has a unique fixed-point at x = 0.

COROLLARY 2.5. Let T be a self-map on a complete By,-metric space (X, By,), and suppose:
B,(Tz,Tx,...,Tx,Ty) < aBy(x,,...,2,y)+bB,(Tx, Tz, ..., Tx,z)+cBn(Ty, Ty, ..., Ty, y),

for some a,b,c >0, anda+b+c <1, and for all z,y € X. Then T has a unique fixed-point in
X. Moreover, if ¢ < 1/2, then T is continuous at the fixed-point.

PrOOF. The assertion follows using Theorem 2.6 with:

M(z1,x9,...,Tpy1) = axy +bro + - + cTpyq,
for some a,b,c > 0, with a+b+c <1 and all z1,...,2,41 € Ry. Indeed, M is continuous.
First, we have:
M(z1,21,...,0,Tn,Zpn_1) = axy +bxo + - + cTpy1.
Ify < M(x1,21,...,0,2,,xp—1) with z,, < 22,2 + z,_1, then:
a+b a+b
Tp_1 < ixn,g, where + <1
1—c¢ 1-c
Therefore, T satisfies condition (C1).
Next, if 2,1 < M(zp-1,...,0,...,Zp-1,Zp-1,...) = aTp_1, then z,_; = 0, since a < 1.

Therefore, T satisfies condition (C2).
Finally, if x; < y; + z; for ¢ < n+ 1, then:

M(z1,...,pq1) = ax1 + bza + -+ + cxpp1 < a(yr + 21) +b(y2 + 22) + -+ + c(Ynt1 + 2nt1)

= (ay1 +bys + - + cyns1) + (az1 + bza + -+ czng1) = M (Y1, Y1) + M (21,05 2ng1).
Moreover:
M(0,0,...,0,2p—1,2Cn_1) = 2¢x,,—1, where 2c< 1.
Therefore, T satisfies condition (C3). O
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EXAMPLE 2.3. Let R be the usual B,-metric space as in Example 1.7, and define T'(z) = %5
for all x € [0,1]. We have:
L Y € ) L Y
B, (Tx,Tz,..., Tz, Ty) = - - —
(Tz, Tz z,Ty) n—2 n2’ n—2 n2’+ +n72 n2’
n—1 | |
= x —yl
n—2 Y
Next, for the case where z = T'(z):
B.(Tw,Tx,...,Ta,z) = | — +| = —
w(Tx,Tz,... . Te,z)=|—— —x —— —z| 4=zl
n—2 n—2

Thus, we have:
B, (Txz,Tx,...,Tx,Ty) = |z|, max{B,(Tz,Tz,...,Tx,z), B,(To,To,...,To,0)} = |z|.

This proves that T does not satisfy the condition of Corollary 2.10. However, we also have:

-1 -3 -3
B, (Tz,Tx,...,Tx,Ty) < r B, (z,z,...,x, y)—&—LBn(TJ;, Tx,... ,Tx,x)—i—Lan(Ty,Ty, e 7Ty,y).l
n n—

-2 n—1
Thus, T satisfies the condition of Corollary 2.12, and it is clear that 7" has a unique fixed-point
at x =0.

COROLLARY 2.6. Let T be a self-map on a complete By,-metric space (X, By,), and suppose:
B, (Tz,Tx,...,Tx,Ty) < h(B,(Tz,Tx,...,Tx,y) + B,(Ty,Ty,..., Ty, x)),

for some h € {0, Z—j’) and all x,y € X. Then T has a unique fized-point in X. Moreover, T is

continuous at the fixed-point.

PrROOF. The assertion follows using Theorem 2.6 with:

M(zy1,xo,...,Tpt1) = hmax(x,_1,z,),
for some h € [0, Z—:‘f) and all z1,..., 2,41 € R4. Indeed, M is continuous.
First, we have:
M(z1,21,...,0,...,2p_1,Tn—2) = hmax(0,2,_1).
If 2o < M(21,21,...,0,...,Zp-1,%p_2) with 2,,_1 < 2x,_3 + 2,2, then:
< 2h h 2h <1
Ty — Ty where —— .
n—2 1_h n—3» 1-h

Therefore, T satisfies condition (C1).

Next, if zp—o2 < M(2y-2,0,...,2p-2,Zp_2,...,0) = hy, then z,_» = 0, since h < Z—:?
Thus, T satisfies condition (C2).

Finally, if z; < y; + 2; for : <n + 1, then:

M(xla .. a‘rn-i-l) = h{l’n_l, xn} < h{yn—l + Zn—1yYn + Zn}
= h{ynfla yn} + h{znfla Zn} = M(yla e »ynJrl) + M(Zl, e 7Zn+1)~
Moreover:
M(0,0,...,0,y,2y) = h{0,2y} = 2hy, where h < 1.

Therefore, T satisfies condition (C3). O

COROLLARY 2.7. Let T be a self-map on a complete By,-metric space (X, By,), and suppose:
B, (Tz,Tx,..., Tz, Ty) < a(B,(Tz,Tz,...,Tz,y) + B,(Ty, Ty, ..., Ty,x)),

for some a € [0 H) and all x1,...,2p,41 € X. Then T has a unique fived-point in X.

Pn—1
Moreover, T is continuous at the fized-point.

PAGE NO: 87



TANZ(ISSN NO: 1869-7720)VOL19 ISSUE12 2024

GENERALIZED FIXED-POINT THEOREMS IN Bn-METRIC SPACES AND THEIR APPLICATIONS 7

PROOF. The assertion follows using Theorem 2.6 with:

M(z1,22,...,Tpy1) = a(Tp_1 + Zy),

for some a € [O, Z—:‘f) and all z1,...,2,41 € R4. Indeed, M is continuous.

First, we have:

M(z1,21,...,0,.. ., Zp_1,Tn-2) = a0+ 2p_1) = axp_1.
Ifwpo < M(z1,21,...,0,...,&p_1,Tp_2) with z,,_1 < 2z,,_3 + x,,_2, then:
2a 2a
Tpo < —T,_3, Where < 1.
1—a 1—a

Therefore, T satisfies condition (C1).

Next, if y < M(2y,-2,0,...,Zp—2,Tp—2,...,0) = a(Tp_2 + Tp—2) = 2a2,_2, then x,,_o =0
since 2a < 2=2. Thus, T satisfies condition (C2).

Finally, if x; < y; + z; for i < n + 1, then:
M(z1,... ,xpg1) = a(@p—1+2n) < a{Yn-1+ 2n-1,Yn + 2n}
=a{yn—1,Yn} + a{zn-1,2n} = M(y1,.. -, Yn+1) + M(21,..., 2nt1)-
Moreover:
M(0,0,...,0,z,-9,2x,—2) = a(0 + Tp_2) = ax,_2, where a < 1.
Therefore, T satisfies condition (C3). O

EXAMPLE 2.4. Let R be the usual B,-metric space as in Example 1.7, and define:

T(x) = ‘ L for all z € [0,1].
Then we have:

B, (Tz,Tx,...,Tx,Ty) = (n — 2)

x Yy ‘ n—2

n—1 n-1 1
x
Bn(Tx7Txa7Tx’y):(n_2) — Y|
n—1
n —

It implies that:

_9 _
n 1Bn(T1,T1,...,T1,0)=”

2
Bn(T17T17~-~7T1aTO) = 1Bn(T0,T0,...,T0,1) =n—2.

This proves that T does not satisfy the condition of Corollary 2.14.
We also have:

x

Bn(TJU,T,I, te 7T'1:’ y)+Bn(TyaTya s aTya ZZZ) = (’I’L—2)

n—1 n—1 n—1

—y‘+<n—2>y x|> e

Therefore, T satisfies the condition of Corollary 2.15, and it is clear that T has a unique fixed-
point at = 0.

COROLLARY 2.8. Let T be a self-map on a complete By,-metric space (X, By,), and suppose:
B, (Tz,Tx,...,Tx,Ty) < aB,(x,z,...,2,y)+bB,(Tx,Tx, ..., Tx,y)+cB,(Ty, Ty, ..., Ty, ),

for some a,b,c >0, a+b+c<1, and a+ 3c <1, and for all x,y € X. Then T has a unique
fixed-point in X. Moreover, T is continuous at the fixed-point.
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PROOF. The assertion follows using Theorem 2.6 with:
M(xy,29,. .., Tpy1) = az1 + bTp_1 + cTp,

for some a,b,c > 0, witha+b+c<1land a+3c<1andall z1,...,2,41 € Ry. Indeed, M is
continuous.

First, we have:

M(‘Tlaxlv s 707 s 7xn—17xn—2) =ar; + CcTp—1.

If 2o < M(21,21,...,0,...,2p1,%p_2) With 2,,_1 < 22,3 + 2,2, then:
a—+ 2c a—+ 2c
——,_3, Wwhere
1—c¢ 1—c¢
Therefore, T satisfies condition (C1).

Next, if 2,—0 < M(2y-2,0,...,2p—-2,Zp_2,...) = (@ + b+ ¢)x,_2, then x,,_o = 0, since
a+ b+ ¢ < 1. Therefore, T satisfies condition (C2).

Finally, if z; < y; + 2; for i < n+ 1, then:

< 1.

Tp—2 <

M(xlv oo 7xn,+1) =aTp_3+ bxn—l + cxy < a(yn—B + Zn—S) + b(yn—l + Zn—l) + C(yn + Zn)

= (a¥n-3 + byn—1 + cyn) + (azp—3 + bzn_1 +czn) = M(y1, .., Ynt1) + M (21, -, Znt1).
Moreover:
M(0,0,...,0,y,2y) =cy, where c<1.
Therefore, T satisfies condition (C3). O

ExXAMPLE 2.5. Let R be the usual B,-metric space as in Example 1.7, and define:

T(x) = nzblii—lx)’ for all z € [0,1].
Then we have:
B, (Tz,Tx,...,Tx,Ty) = %|x—y|,
n—2

B,(Tz,Tx,...,Tx,y) =
n

In—1/n(1 — ) —yl.

It implies that:

n—1 n—3
Bn(Tl,Tl,...7T17T0) = m, max{Bn(Tl,T1,...,T1,0)7Bn(T0,T0,...7TO7n —3)} = n_ 2.

This proves that T" does not satisfy the condition of Corollary 2.14. We also have:
n n

—B,(Tx,Tx,..., 0-B,(Tz,Tx,...,Ty)+0-B,(Ty,Ty,...,x) =

o B T, y)+0-Bn (T, T Y+0-Bn(Ty, Ty, ... ,x) = ———

Therefore, T satisfies the condition of Corollary 2.17. It is clear that T has a unique fixed-point
at:

le—y| > Bp(Tx, Tz, . .. ,Ty).l

n—1
-

COROLLARY 2.9. Let T be a self-map on a complete B,-metric space (X, By,), and suppose:

xr =

B, (Tz,Tx,...,Tx,Ty) < a1 Bp(z,x,...,x,y)+as B, (Tx, Tx, ..., Tx,x)+ - +ant1Bo(Ty, Ty, ..., Ty, y) ]
for some ay,...,ap41 = 0 such that:
max{a; + a2+ -+ apn—1+an +any1,a1 + -+ ano1 + an,an +2an41} < 1,

and for all x,y € X. Then T has a unique fixed-point in X. Moreover, T is continuous at the
fized-point.
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PROOF. The assertion follows using Theorem 2.6 with:

M(z1,...,Tpq1) = 0121 + G2T2 + -+ + ApTpy + Gpp1Tp41,

for some aq,...,a,4+1 = 0 such that:

max{a; +as+ -+ an-1+an +ani1,01 + -+ a1+ anyan + 2an41}F < 1.

First, we have:

M(Z‘l,xl, oo 0y 73777,—1) =a171 + a2 + -+ apTn—1 + Ap41T2.

If xpo < M(z1,21,...,0,...,2p_1) With 2,_ox,_1 < 2Tp_3 + Tp_o, then:

ap+az +---+apn_2 ap+az+---+ap_2
Tp_2 < Tp_3, Where < 1.
1- Ap — An41 1-— Ap — Ap+41

Therefore, T satisfies condition (C1).

Next, if €9 < M(2p—2,0,...,2,_2) with z,_o = 0, then T satisfies condition (C2). Simi-

larly, for condition (C3), we show that T satisfies the necessary inequalities. O
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