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CERTAIN INVESTIGATION ON GENERALIZED SASAKIAN SPACE
FORM AND COMPLEX SPACE FORM

KANYAKUMARI N A, BHAVYA K, PRADEEP KUMAR

ABSTRACT. In this paper, we explore curvature properties of generalized Sasakian space
form, such as being conformally flat generalized Sasakian space form is generalized
Sasakian space form provided with some conditions and locally symmetric generalized

complex space form has constant scalar curvature.

1. INTRODUCTION

The concept of a generalized Sasakian space form was introduced and examined by P.
Alegre, D. Blair, and A. Carriazo [1], including several examples. A generalized Sasakian
space form is defined as an almost contact metric manifold (M, ¢, &, n, g) with a curvature

tensor given by
R(X,Y)Z =fi(g(Y,2)X — g(X, Z)Y)
+f2(9(X, 0Z)pY — g(Y,9Z)pX + 29(X, Y )9Z) (1.1)
+smX)M(2)Y —n(Y)n(Z)X + g(X, Z)n(Y)E — g(Y, Z)n(X)E),
where fi,fs and f3 differentiable functions on M and XY, Z are vector fields on M.
If (M, J,g) is a kaehlerian manifold with constant holomorphic sectional curvatures

K(X NJX) = ¢, then it is said to be complex space form and its curvature tensor is

given by
E(X, Y)Z = i(g(Y, NX—g( X, 2)Y+9(X,JZ2)JY —g(Y,JZ)JX+29(X,JY)JZ). (1.2)

More generally if the curvature tensor of an almost Hermitian manifold M satisfies

R(X,Y)Z = Fy[g(Y, 2)X — g(X, 2)Y] + Fy[g(X, JZ)JY — g(Y, JZ)J X +29(X, JY)J Z].
(1.3)
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F} and F, being differentiable functions then M is said to be generalised complex space

form.
S(Y.2) = £(n +2)g(Y, 2), (L1.4)
Qv = E(n—l—Q)Y, (1.5)
7= gn(n+2)7 (1.6)

An odd dimensional Riemannian manifold (M, g) is defined as an almost contact metric
manifold if there exists a (1,1) tensor field ¢, a vector field ¢ (known as the structure

vector field), and a 1-form 1 on M such that
9(X,§) =n(X), ¢"X =X +n(X)g, (1.7)

9(¢X,0Y) = g(X,Y) = n(X)n(Y), (1.8)

for any vector fields X,Y on M. In an almost contact metric manifold, we have

¢ =0, nodp =0, g(¢X,Y)=—g(X, oY) (1.9)

Let M denote a n- dimensional kaehler manifold, i,e a smooth manifold with a (1,1) tensor
field J and a Riemannian metric g such that J? = -1, ¢(JX,JY) = g(X,Y), VJ = 0.
Where X and Y are arbitrary vector fields on M. I is the identity tensor field and v
is the Riemannian connection of g. Now let M denote (n-1)- dimensional isometrically
embedded orientable hypersurface of a Kaehler manifold M. The metric g is same for
both M and M. If N denotes the unit normal vector field to M, then JN is tangent to
M, then

JN =¢, JX =¢X —n(X)N. (1.10)

Let e; (1 = 1,2....,n — 1) denote a local orthonormal basis of the tangent space to the
contact hypersurface M of kaehler manifold M. Then (e;, N) is a local orthonormal basis
of the tangent space to M. We denote the arbitrary vector fields tangent to M by X, Y,
Z and W. Further we denote the Ricci tensors of M, of type (0, 2) and (1, 1) by S and
@ and the constant curvature of M by r corresponding objects of M are denoted by the

same letters with overbars. In the Gauss equation

R(X,Y,Z,W) = R(X,Y, Z,W) + g(AX, Z)AY — g(AY, Z)AX. (1.11)
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Setting X = W = ¢;, we get

S(Y,7,) = S(Y, Z) + g(AY, AZ) — hg(AY, Z). (1.12)

Y =7 = e;, we get

=r+(n—1)—h% (1.13)

=3I

2. CURVATURE PROPERTIES OF GENRALISED SASAKIAN SPACE FORM AND COMPLEX

SPACE FORM

A Riemannian manifold is said to be conformally flat if R(X,Y").C = 0, where C' is the

conformal curvature tensor is given by

1
n—2

—g9(X, 2)S(Y,W)] +

U(X> Y, Z,W) :E<X7Y7Z7 W) — [?(Y’ Z)g(X, W) _§<Xa Z)g(Y, W) + g(Y, Z)g(Xv W)

(n— 1) —2) [g(Y, Z)g(X, W) — g(X, Z)g(Y, W)].

(2.1)

Using (TC11),(T12) and (TI3) in (1), we get

_ 1
C(X,Y,Z,W) =R(X,Y, Z,W) —

n— 2[S(Y7 Z)g(X’ W) - S(X’ Z)g(YV, W) +9(K Z)S(X,W)

—g(X,Z)S(Y,W)}—l— [g(KZ)Q(XJ/V)_g(sz)g(Yaw)]

(n—1)(n—2)
1
n—2
+h[—g(AY, Z)g(X, W) + g(AX, Z)g(Y, W) — g(AX, W)g(Y. Z) + g(AY, W)g(X, Z)]
(n—1)—h?
(n—=1)(n—-2)

[9(AY, AZ)g(X, W) — g(AX, AZ)g(Y, W) + g(AX, AW )g(Y, Z) — g(AY, AW)

[9(Y, 2)g(X, W) — g(X, Z)g(Y, W)].
(2.2)
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from ([2.2)), we get

+9(AX, AW)g(Y, Z) — g(AY, AW )g(X, Z) + h[—g(AY, Z)g(X, W)
2.3
+9(AX, Z)g(Y, W) — g(AX, W)g(Y, Z) + g(AY,W)g(X, Z)|} 2%
(n—1)—h?
(n—1)(n—2)

[9<Y7 Z)Q(X7 W) - g(X, Z)Q(Y7 W)]a

From and

_ —3c
C(X,Y,Z, W) :4(n =)

+§l[g(Z, IYV)g(JX, W) = g(Z, JX)g(JX, W) + 29(X, JY )g(JZ, W),
(2.4)

[9(Y, Z2)g(X, W) — g(X, Z)g(Y, W)]

compare (2.4) and(2.3)) we obtain

R(X,)Y,Z, W) — ! 2[S(Y, 2)9(X, W) = S(X,2)g(Y, W)

n —

+9(Y, 2)S(X, W) = g(X, Z2)S(Y, W] +

=D =¥ 29X W)

~g(X, Z)g(¥, W)] = - {g(AY, AZ)g(X, W) — g(AX, AZ)g(¥, V)
+g(AX, AW)g(Y, Z) — g(AY, AW)g(X, Z) + h[—g(AY, Z)g(X, W) (2.5)

+9(AX, Z)g(Y, W) — g(AX, W)g(Y, Z) + g(AY,W)g(X, Z)]}

h*—(n—1) 3
mn=1)(n-2) 4(n-1)

+§[g(Z, IYV)g(JX W) —g(Z, JX)g(JX, W) +29(X, JY )g(JZ,W)],

+[ ][g<sz>g(X7W)_g(X7Z)g(Y7W)]
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using in
—(n—1) 3c r
R(X.Y,ZW) [< s T T~ T e X W) — g(X. Z)g ¥ W)
n — 2[S(Y Z2)g( X, W) = S(X,2)g(Y, W)+ g(Y,Z)S(X, W)

—g(X, 2)S(Y, W]+ ﬁ{g(AY, AZ)g(X, W) — g(AX, AZ)g(Y, W)
+9(AX, AW)g(Y, Z) — g(AY, AW)g(X, Z) + h[—g(AY, Z)g(X, W)
—|—g(AX, Z)Q(Y7 W) - g(AX7 W)g(}/u Z) + g(AY, W)Q(Xv Z)]}

+§[Q(Z, oY )g(d X, W) — g(Z,0X)g(¢ X, W) + 29(X, ¢Y ) g(¢Z, W)],

(2.6 will be reduced to real space form if

1
n—2

~g(X, Z)S(Y, W] + — gAY, AZ)g(X, V) — g(AX, AZ)g(Y, W)

[S(Y7 Z)g(X’ W) - S(X’ Z)g(}/, W) +g(Y, Z)S(X’ W)

Fg(AX, AW)g(Y, Z) — g(AY, AW)g(X, Z) + h[—g(AY, Z)g(X, W) (2.7)
+9(AX, Z)g(Y, W) — g(AX, W)g(Y, Z) + g(AY,W)g(X, Z)|}

+§[Q(Z, oY )g(d X, W) — g(Z, 6 X)g(¢ X, W) + 29(X, Y )g(6Z, W)] = 0,

X =W =¢; in (2.7)), we get

25wz + DI 2002 + - ayav. az)

~h(n —3)g(AY, 2) = “n(¥)n(Z) =

n=2 (2.8)
put Y = 7 = ¢; in (2.8), we get

(n* —4n+5)h* — (2n* —Tn+7)  3c(n —2)?
(n—2) a 4

! (2.9)

r=|
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Taking n , we get
R(X,Y, Z,W) =Plg(Y,Z)9(X,W) — g(X, Z)g(Y,W)]
[9(Z,9Y)g(dX, W) — g(Z,6X)g(¢X, W) + 29(X, ¢Y )g(¢Z, W)

B
n—2

~nlyn(W)g(X, 2)] + — gAY, AZ)g(X, V) ~ g(AX, AZ)g(Y, V)

c

i

_|_

[(y)n(2)g(X, W) = n(X)n(Z)g(Y, W) + n(X)n(W)g(Y, 2)

+9(AX, AW)g(Y, Z) — g(AY, AW)g(X, Z) + h|—g(AY, Z)g(X, W)
+9(AX, Z)g(Y, W) — g(AX, W)g(Y, Z) + g(AY, W)g(X, Z)]},
(2.10)
—h*(n* —=5n+7)+ (n —1)(3n? —4n +5) N 2A

(n—1)(n—2)2 (n—2)
(2.10]) reduces to generalized Sasakian space form if

where [P = ].

L {9(AY, AZ)g(X, W) — g(AX, AZ)g(Y W) + g(AX, AW)g(Y, Z)  g(AY, AW)g(X, )

+h[—=g(AY, Z)g(X, W) + g(AX, Z)g(Y, W) — g(AX, W)g(Y, Z) + g(AY, W)g(X, Z)]} = 0,

(2.11)
X = W = ¢; in the above equation, we get
1
5 19(AY, AZ)(n = 3) + h(n = 3)g(AY, Z) + ((n — 1) — h*)g(Y, Z)] =0,
put Y = Z = ¢; in the above equation, we get
(n—1) = h% (2.12)

Using this in (2.10)), we get

RUXY,2,W) =2 S 200y, 2)g(X W) ~ (X, Z)g(Y. 0

+§[9(Z7 oY )g(oX, W) — g(Z, 6 X)g(¢ X, W) + 29(X, ¢Y )g(¢Z, W)]
+nlj 5Wn(2)9(X, W) = n(X)n(Z)g(Y, W) + n(X)n(W)g(Y, Z)

—n(y)n(W)g(X, Z)]
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2n2—|—n—2)+ 24 c —B
(n — 2)2 (n—2)"7"" 4 n—2

is generalized Sasakian space form if f; =

Hence we state the following theorem.

Theorem 2.1. An odd dimensional conformally flat generalised Sasakian space form is

generalised Sasakian space form provided equation (2.11]) holds.

Let M(F, F3) be an odd- dimensional locally symmetric generalized complex space

form. Then the curvature tensor is given by ((1.3). From (1.3|) we can see that

S(Y,Z) = [(n — 2)Fy + 3F,)g(Y, Z) + hg(AY, Z) — g(AY, AZ), (2.13)
QY =[(n—2)F, + 3K]Y + hAY — A?%Y, (2.14)
7=[(n—2)F +3F, —1](n — 1)+ % (2.15)
From (L.3)
R(X, V)¢ = Fi[n(Y)X —n(X)Y] +n(AY)AX — n(AX)AY. (2.16)

Hence from ([2.16)), we have
R(X, 6= Fi(—¢*°X) +aAX —an(AX)E. (2.17)

Using (2.16) and taking the covariant derivative of above equation with respect to Z.

Since M is locally symmetric, we get
— Fin(X)pAZ 4+ 3F, g(X, AZ)N — 3Fon(AZ)n(X)N + n(ApAZ)AX

“N(AX)AQAZ — Fy g(X,$AZ)¢ — a g(AX, APAZ)E = —(ZF1)*X

(2.18)
—F(V20)0X + 6(V20)X) + a(V,A)X — a((Vn)AX)E
—a(VzAX)E — an(AX)V 4E.
(Vzn)Y =g(Vz8,Y) = g6 AZ X), (2.19)
(Vx@)Y =n(Y)AX — g(AX,Y)E, (2.20)
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using (2.19) and (2.20)), we get

3F, g(X, AZ)N — 3Em(AZ)n(X)N + n(AsAZ)AX
—(AX)APAZ — F1 (X, 0AZ)E — a g(AX, APAZ)E = —(ZF1)¢* X
+F) g(AZ, 6 X)E + (V4 A)X — ag(pAZ, AX)E 221
—an((VzA)X)§ — an(AX)pAZ.
Contracting the above equation with respect to W, we get
N(APAZ)g(AX, W) = n(AX)g(APAZ W) — F1 g(X, pAZ)n(W) — a g(AX, ApAZ)n(W)
=~ (ZF)g(¢* X, W) + F1 g(AZ, o X)n(W) + a g(V2A) X, W) — a g(¢AZ, AX)n(W)

—an((VzA)X)n(W) — an(AX)g(eAZ,W).

(2.22)
Setting X = W = e; in the above equation, we get
N(APAZ) (h+ o?) — an(A*¢AZ) — (ZF)(n —2) = 0. (2.23)
Using the condition A¢ = ¢ A, we get ZF(n —2) =0.
F} is constant. (2.24)
Contracting the with respect to N, we get
3Ihg(X,AZ) — 3Fyn(AZ)n(X) =0 (2.25)
Setting X = Z = ¢; in the above equation, we get 3Fy(h — ) = 0.
3F, =0 for h# a. (2.26)
Using and in the equation and , we get
QY =[(n—2)KY +hAY — A%, (2.27)
F=[(n—2)F —1)(n—1)+ A% (2.28)

Theorem 2.2. An odd dimensional locally symmetric generalised complex space form has

constant scalar curvature.

PAGE NO:164



TANZ(ISSN NO: 1869-7720)VOL19 ISSUEQ7 2024

REFERENCES

[1] P.Alegre,D. Blair and A. Carriazo, Generalised Sasakian space forms,Israel J. Math.14(2004), 157-
183.

[2] F. Tricerri and L. Vanhecke, Curvature tensor on almost Hermitian manifolds, Transactions of the
American Mathematical Society 267 (1981),365-398.

[3] L. Vanhecke, Almost Hermitian manifolds with invariant Riemannian curvature tensor,rendiconti del
Seminaro Mathematico della Universitee politechnico di Torino 34(1975-76),487-498.

[4] Ramesh Sharma, Contact hypersurfaces of Kaehler manifold,J.geom, 78(2003) 156-167.

[5] D.E Blair, Contact manifolds in Riemannian geometry,Lecture notes in Mathematics, Springer-
verlag, Berlin, 509,1976.

[6] S.Sasaki, Lecture notes on almost contact manifolds,Part-I. Tohoku University, 1965.

(Kanyakumari N A and Pradeep Kumar) DEPARTMENT OF MATHEMATICS, PRESIDENCY UNIVERSITY,
BENGALURU-560064

E-mail address: sukanya1505@gmail . com

E-mail address: pradeepkumar@presidencyuniversity.in

(Bhavya K) DEPARTMENT OF MATHEMATICS, CHRIST UNIVERSITY, BENGALURU, 560029

E-mail address: bhavya.k666@gmail . com

PAGE NO:165



	1. introduction
	2. Curvature properties of genralised Sasakian space form and complex space form
	References

